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Abstract

Due to high prevalence of tuberculosis (TB) in developing countries where HIV
prevalence is also high, developing effective TB vaccines that will prevent infection
and reactivation of latent infection is a high priority. This is because patients
infected with HIV are at increased risk of developing active TB because of the high
rate of reactivation of latent infection and high degree of susceptibility to new
infection. Three mathematical models with TB vaccines were used to predict
the most effective epidemic-control strategy in reducing active TB cases. The
first model is with pre-exposure TB vaccines and treatment of TB, the second
with post-exposure vaccines and treatment of TB, and the last one with both
vaccines and treatment of TB. The comparison of effectiveness was based on the
reproduction rates and numerical analysis using the forward fourth order Runge-
Kutta scheme. The combined strategy was found to be the most effective as an

epidemic-control strategy.
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Chapter 1

Introduction

1.1 Epidemiology

Epidemiology may be defined as the study of the distribution and determinants
of disease in human populations. The purpose for which epidemiological investi-
gations are carried out may be considered under the following headings, although
a single investigation may serve more than one purpose.

1. Provision of data necessary for planning and evaluating health care.

2. Identification of determinants of disease so as to enable prevention.

3. Evaluation of methods used to control disease.

4. Description of the natural history of disease.

5. Classification of disease.
Mathematical epidemiology involves spatial modelling, (the application of meth-

ods on observed spatial data which would be a point, a line polygon or contin-

uous representing some process operating in space), statistical modelling, micro
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simulation modelling, (computer based data) and the application of differential

equations in these studies.

There are four basic types of epidemiological studies, namely descriptive, analytic,
intervention and evaluation studies. Descriptive studies are used to demonstrate
the patterns in which diseases are distributed in populations. Analytic studies are
planned investigations designed to test specific hypothesis. They aim to define
the causes or determinants of disease more precisely than is possible using de-
scriptive studies alone. Intervention studies are essentially experiments designed
to measure the efficiency and safety of particular types of health care intervention
(e.g treatment, prevention, control and the way in which health care is provided),
and evaluation studies attempts to measure the effectiveness of different health
services and programmes. They answer the very important questions, like "have

there been any improvement in health status?’

1.2 Basic facts about tuberculosis

Tuberculosis (TB) remains one of the leading causes of illness and death in the
world. It is a bacterial infectious disease caused by Mycobacterium tuberculo-
sis (and occasionally by Mycobacterium bovis and Mycobacterium africunum).
These are also called tubercle bacilli. One third of the world’s population is

estimated to be infected with the bacilli [18].

According to [12], tubercle bacilli can remain dormant in the tissues and persist
for many years. General sources of information on TB dynamics suggest that TB
is hard to transmit. Nonetheless, under the right conditions a single person with

active TB can infect many people.

8] states that transmission occurs by the airborne spread of infectious droplets.

The source is a person with TB of the lung who is coughing. Coughing produces
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tiny infectious droplets, which under suitable conditions may cause transmission.

Transmission generally occurs indoors where droplet nuclei can stay in the air
for a long time. Two factors determine an individual’s risk of exposure: the
concentration of the droplet nuclei in the air and the length of time he breathes
that air. An individual’s risk of infection depends on the extent of exposure to
the droplet nuclei and his susceptibility to infection. The risk of a susceptible
individual is therefore high with close, prolonged, indoor exposure to a person
with sputum smear-positive pulmonary TB (tuberculosis of the lung), that is if
an individual has evidence of the bacilli in his sputum, and the more bacilli one

has the more infectious he becomes.

The spread of HIV infection has led to a dramatic increase in TB cases in eastern
and southern Africa and threatens to do so elsewhere. [6]. Current epidemiologi-
cal studies strongly support the claim that exposed individuals (infected but not
yet clinically ill) are unable to transmit the tubercle bacillus but only individuals
with active TB (infected and already ill from the disease) are capable of spreading

the bacteria.[4]

9] states that exposed TB individuals may remain in this latent stage (infected
but not clinically ill and not infectious) for variable periods of time (in fact, may
die without ever developing active TB). Among generally healthy persons, infec-
tion with TB is highly likely to be asymptomatic. Data from a variety of sources
suggest that the life time risk of developing clinically evident TB after being
infected is approximately 10%, with 90% likelihood of the infection remaining
latent. According to [4], the longer we carry the bacteria the less likely we are

to develop active TB unless our immune system becomes seriously compromised,

(weakened) by other diseases , for example HIV/AIDS.

The progression to active TB is not uniform but is closely linked to various other

factors such as nutritional status and/or access to decent medical care and living
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conditions [2]. The risk of developing active TB is highest within the first two
years of infection, although a few individuals (about 14% ) do develop active TB
within the first two years of infection [17]. Therefore an intervention that targets
persons with recent infection, such as identifying contacts of active cases, could

be particulary effective as an epidemic control measure.

According to [14] and [13], at greater ages, the immunity of persons who have
been previously infected may wane, and they may be then at risk of developing
active TB as a consequence of either exogenous re-infection (that is acquiring a
new infection from another infectious individual) or endogenous re-activation of

latent bacilli (that is re-activation of a pre-existing dormant infection).

Patients infected with HIV are at increased risk of developing active TB because
of the high rate of reactivation of latent infection and high degree of suscepti-
bility to new infection. [5] and [16]. TB rate vary with age, gender and race.
Advancing age, male gender, and non-white race are all independently associ-
ated with an increase incidence of tuberculosis. In addition, in the United States
TB disproportionately afflicts certain sub-populations such as American Indians
and Blacks [15]. The following groups of populations are also at high risk of TB

infection [8]:

e HIV infected individuals
This group falls under the immuno-compromised population. HIV infection
is the strongest risk factor yet identified for progression to active TB.
e Persons with certain medical conditions
Other medical conditions that produce immune suppression have been as-
sociated with TB, presumably by causing reactivation of latent infection.
e Migrant agricultural workers

Due to prolonged exposure in poor ventilated places, are also at high risk
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of infection.

e Homeless persons

The practice of bad habits, such as abuse of drugs and alcohol, unprotected
sex which may lead to HIV infection, contribute to the activation of latent

infection in the homeless.

e Patients and health care workers

The aggregation of people in the homes and hospitals provides conditions

for TB transmission.

e Residents and workers in correctional facilities

This is because of expanding prison population leading to overcrowded pris-
ons, relatively high rates of HIV infection in prison inmates, and high TB

rates in the communities from which the majority of inmates originate.

1.3 TB vaccines and treatment

Latent and active TB can be treated with antibiotics. But TB treatment has
side effects (sometimes quite serious), like eye problems and insomia, and takes
a long time. Carriers of the bacilli who have not developed TB disease can be
treated with a single drug INH; unfortunately, it must be taken religiously for
6-9 months. Treatment for those with active TB requires the simultaneous use of
three drugs, for example, a combination of INH, Ethambitol and Streptomycin,
for a period of at least 12 months. Lack of compliance (i.e patients not finishing
the drugs or not taking them at the right time) with these drug treatments (a
very serious problem) not only may lead to a relapse but to the development of
antibiotic resistant TB - one of the most public health problems facing society

today [4].
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A TB vaccine called BCG (Bacillus of Calmette and Guerin) has been available
for many decades. It is a bovine strain of Mycobacterium tuberculosis that lost
its virulence after growth in the laboratory for many years [11]. It is cheap, but its
effectiveness in preventing TB infection is controversial [12]. Results of field trials
of the vaccine have differed widely, some indicating protection rates as high as 70%
to 80%, others indicating the vaccine was completely ineffective in preventing TB
[12]. Potential problems associated with the generalized use of the BCG vaccine
in some populations are closely associated to the fact that vaccinated individuals
will test positive for TB. It becomes therefore nearly impossible to be able to
detect the prevalence of a disease in a population (like the Argentina population)

where most individuals are vaccinated.

Since TB remains one of the leading causes of death and illness in the world
and its treatment has side effects and long, there is a need to develop vaccines
that will either prevent infection (pre-exposure) or prevent/slow progression to
disease (post-exposure). There is a great need indeed since even the only available
vaccine so far (BCG) has a controversial efficiency in preventing infection with

TB.

1.4 Previous work done

In 1998, [7] stated that preventive therapy (the use of isoniazid or other anti-TB
drugs aiming to sterilize latent infection with Mycobacterium tuberculosis and
thus prevent progression to active disease), has been demonstrated by several
large-randomized controlled trials that it is effective in preventing TB in individ-
uals dually infected with HIV and Mycobacterium tuberculosis. However, studies
of the feasibility of preventive therapy demonstrate that the process required for
targeting appropriate individuals to exclude active TB, to deliver preventive ther-

apy and to achieve adherence is complex and insufficient.
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In 2000, [17] et al used a mathematical model of a TB epidemic to evaluate the
potential effect of an intervention program targeting recently infected persons as
an epidemic-control measure. They used one mathematical model which showed
the transmission of TB between susceptible individuals, exposed (infected) in-
dividuals, who were divided into those who progress to early latent period and

those who progress to long-term latent period, and the active TB cases.

From the model equations they calculated the reproductive rate, Ry (a very useful
summary parameter that quantifies the transmission potential of a pathogen,
defined as the number of secondary infectious cases produced when one infectious
individual is introduced into a population where everyone is susceptible.) By
setting Ro=1, they were able to calculate the rates of effective treatment for
active TB, effective treatment of early latent infection, and effective treatment

for long-term latent infection that would eliminate the epidemic.

They concluded that the impact of therapy for early latent TB infection is greatest
when treatment rates for active TB are lower. If the treatment rate for active TB
is increased from 50% to 60%, adding therapy for latent TB infection substantially
reduces TB incidence. In contrast, if the treatment rate for active TB is increased
from 50% to 80%, the additional impact of increasing therapy for early latent
infection is less important in determining the decline in TB incidence. However,
even when treatment rates for active TB are high, treatment for early latent TB

infection may be necessary to eliminate tuberculosis.

Due to one of the complexities of tuberculosis (vaccinated individuals but not
yet infected may test positive to TB) this results may not be reliable because in
most cases one may target the wrong people who have no effect at the end. [10]

and [3] improved this work.

[10] and [3] used two simple mathematical models (one a pre-exposure vaccine

and the other a post-exposure vaccine model) to provide general insight into the
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effects of vaccination on TB epidemics. They discussed how these models can be
used as health policy tools to identify which vaccines are ’equivalent’ (in terms
of their potential epidemic-control effects), to design control strategies and to

predict the epidemiological impact of different vaccination strategies.

Their model analysis was based on the Ry value. They also included three mech-
anisms in their models in which a vaccine could fail. They were the ’take’, the

"degree’ and the 'duration” mechanisms.

The term ’take’ specifies the fraction of vaccinated individuals in whom some
level of protective immunologic response is induced by the vaccine. The term
"degree’ specifies the degree of vaccine-induced protection assumed the vaccine
could confer in those individuals in whom the vaccine 'took’. 'Duration’ was the
time taken by the vaccine-induced immunity before decaying exponentially with
time in those vaccinated individuals in whom the vaccine took’” and induced a

certain degree of protection.

Their results showed that even moderately effective vaccines could have a signif-
icant effect on reducing TB epidemics if they can be coupled with moderate to
high treatment rates of active disease. We see that this work improves the above
work by [17] and company in July 2000. Their results agree. They also suggested

that it is necessary to develop both vaccines.

In many developing countries where the prevalence of latently infected individuals
is high, post-exposure vaccines will be the most effective in quickly and dramat-
ically reducing the incidence of tuberculosis. However, a pre-exposure vaccine is
necessary to prevent a substantial increase in new infections and may be more
effective than a post-exposure vaccine for the elimination of tuberculosis. It is
likely that the combination of a pre-exposure vaccine, a post-exposure vaccine and
treatment of active TB would be the most effective epidemic-control strategy for

tuberculosis elimination in developing countries. In developed countries, where
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the prevalence of latently infected individuals is low, then only a pre-exposure
vaccine (used in combination with a high level of treatment) will be necessary to
eliminate tuberculosis. [18] et al improved this work by considering other aspects
not just efficiency only, like cumulative percentage of infections prevented and

cumulative percentage of TB cases prevented.

[18] et al used mathematical models to compare the potential public health impact
of mass vaccination campaigns that used either pre- or post-exposure vaccines.
They assessed the public health impact in terms of the cumulative percentage
of infections prevented and the cumulative percentage of TB cases prevented.
They modelled the potential effect of vaccines in developing countries with a

high incidence and prevalence of infection.

They used two separate mathematical models to assess the effect of vaccination:
a pre-exposure and a post-exposure vaccine model. Their models are similar
to those developed by Lietman and Blower in 1999 but they extended them to
include the possibility of re-infection of latently infected persons. Their model
analysis included quantifying the effect of vaccine efficiency, duration of vaccine-
induced immunity, and vaccination coverage rates on the cumulative percentage of

infections and TB cases prevented, based on uncertainty and sensitivity analysis.

After the analysis of the two models, they concluded that pre-exposure vaccines
would be almost twice as effective as post-exposure vaccines in reducing the num-
ber of new infections. Post-exposure vaccines would initially have a substantially
greater impact, compared to pre-exposure vaccines, on reducing the number of
new cases of disease. However the effectiveness of post-exposure vaccines would
diminish over time, whereas the effectiveness of pre-exposure vaccines would in-
crease. Thus after 20 to 30 years, post- or pre-exposure vaccination campaigns

would be almost equally effective in terms of cumulative TB cases prevented.
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Even widely deployed and highly effective (50% - 90% efficiency) pre- or post-
exposure vaccines would only be able to reduce the number of TB cases by one
third. Finally they suggested that to achieve global control of TB, developing
a single TB vaccine that function as both a pre- and a post-exposure vaccine is

necessary.

This was great work indeed because their models and analysis covered most of
the complexities of TB. But I would suggest that they should have considered
countries with a high risk of progression to disease also not just high risk of
infection only as they stated. This would have helped in the numerical analysis

of the post-exposure TB vaccine.

Therefore there is a need to incorporate countries with a high prevalence of pro-
gression to disease also in such studies.

The project is a motivation from the work of Lietman et al in 2000 and Ziv et al in
2004. They both looked at how TB vaccines and treatment of active disease are
effective in eliminating TB cases. They both used separate models as stated in
the literature and both suggested that a combination of the three ( pre-exposure
vaccines, post-exposure vaccines and treatment of active TB) would be the best
in eliminating TB cases. We will try to develop a model that will include the
three control measures and then from the analysis we will be able to tell whether

it is really effective than the individual measures.

1.5 Aims

The main aim of the project is to model, using mathematical models, the effec-
tiveness of the combination of a pre-exposure TB vaccine, a post-exposure TB

vaccine and treatment of active TB as an epidemic-control strategy.
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1.6 Objectives

The main objectives are:

1. to review previous models on TB vaccines and treatment to find out what

has been done and what can be done.
2. to develop the following models:

e the basic TB transmission model

a model with treatment of active TB

a model with pre-exposure TB vaccine and treatment of TB

a model with post-exposure TB vaccine and treatment of TB

a model with pre-exposure, post-exposure TB vaccines and treatment

of TB.
3. to analyse the models by

e calculating the reproduction numbers of the models

e finding the equilibrium states and classifying them as disease-free or

endemic and express them in terms of Ry where possible.
e analysing the stability in each state.
e analysing the Ry
e carrying out numerical analysis

4. to compare the results with those of previous researches and suggest future

work to be done.
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Chapter 2

The Basic T'B Transmission

Model

The model was developed by [3] et al. No major alterations and additions were

done for consistency.

2.1 Variables

The host population was divided into:

X, - Untreated, unvaccinated susceptible individuals (not yet infected but capable

when exposed).

L, - Untreated, unvaccinated latently infected individuals (those that are infected

but not yet infectious or clinically ill).

T - Active TB cases (those that are ill from the disease and infectious)
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2.2 Parameters

m- The recruitment rate.

(- The probability of transmission.
v- The rate of developing active TB.
- Natural death rate.

ur- Death rate due to disease.

p- The probability of progression to active disease.

2.3 Assumptions

e Transmission occurs through contact between a susceptible individual and

an infectious individual.

e The net rate at which new infected individuals arise is proportional to
the number of susceptible individuals X, times the number of infectious
individuals 7', times the probability of transmission from T to X, 3, i.e

6X,T.
e TB is a fatal disease, that is TB Kkills.

o After being infected, a susceptible individual may either develop active TB
immediately after infection at a probability p or become latently infected

with probability 1 — p.

e Active TB cases are due to endogenous re-activation of latent bacilli only,

with exogenous cases insignificant.

28



e There is no natural immunity against infection and against progression to

active disease.

We then represent the information above in form of a compartmental model, as
shown in figure 2.1.

™

N

pBX,T

v,

> T = (p+pr)T

Figure 2.1: Compartmental Model 1

Individuals enter the susceptible population at rate m. Uninfected-unvaccinated
individuals (X, ), are infected at rate S7'(t), and then either progress to active
disease (7) immediately after infection with probability p, or progress to latent
infection with probability 1 — p. Latently infected individuals (L,) progress to
active disease because of reactivation of latent infection at rate v. Individuals
with active TB die at a rate ur due to the disease. All persons die naturally at

rate p.

We then develop time dependent differential equations for each compartment by

adding what goes into a compartment and subtracting what comes out as follows:

29



2.4 Model equations

dX
Y X, — BX,T
dt ™ /"L u /8 U=
dL,
dt = (1 _p)ﬁXuT_ (M+V)Luv
dT

2.5 Equilibrium states

(2.1)
(2.2)

(2.3)

These are the solutions of the model equations when equated to zero. From the

above system we have:

™ —uX, — 06X, T = 0, (2.4)
(1 - p)ﬁXuT - (:u + V>Lu = 0, (25)
pBX.T +vLy — (p+ pr)T = 0. (2.6)
From equation (2.5) L,= (17;;)#'
Substituting L, into equation (2.6)= p8X,T + V(lfi)# — (p+ pr)T = 0.
From above we have after factoring out 7" that T =0, or
x _ (ptpr)(ptv)
Xu = ﬂ(pTquV)

Substituting 7% = 0 in equation (2.4) gives X =m/pu.
T* = 0 into equation (2.6) = L} = 0.

Then our disease free equilibrium state, F, is given by
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Py=(X;,0,0) = (7/u,0,0).

Which exists readily since 7/u > 0.

For the endemic equilibrium state we solve as follows:

: x _ (ptpr)(ptv)
Using X = Bty

from equation (2.4) we have that

T p
T = - =
6Xu P
Substituting X, above gives
e mleptv)

H
(n+pr)(p+v) B3

e POrlontv)
p(p+ pr)(p+v)

From equation (2.5) we have that

i Lt .




_l-p o plptpr)(pty)
= L= Bpp +v) )

c_1=p, . plp+pr)(p+v)
L= 70 Br(pp +v) )

This values gives the endemic (disease persists) equilibrium state P,.

_ w7k o\ _ [ (wtpr)(ptv) 1-pq _ plpter)(pty) Bulpptv)
F e—(XuvaT)—< Bonsn)  are L T BrGatn) ) Wukur)(at) 1)'

For existence, the values of L} and 7™ should be defined and non zero, that is we
should have infected people who will progress to active disease and infect others.

We then find the condition for L} and 7™ to be positive and greater than zero.

1—p(1_ 4 pr)(p +v)

L Br(pp + v)

.= ) >0,
w+v

plp + pr)(p +v)
Br(pp+ v)

=1- > 0,

p(p+ pr)(p +v)
Br(pp+v)

=1>

Br(pp +v)
p(p+ pr)(p+v)

> 1.

And

p(p+ pr)(p+v)

Br(pp+v)
p(p+ pr)(p+v)

> 1.
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2.6 The Reproduction Number, R

The method used to derive the value of Ry is the method by Drekmann and
Heesterbeek (1990,1992). We arrange the model equations in such a way that
the first m equations are involving infected classes. Then we find the matrix
F;, which gives the rate of appearance of new infections in each compartment .
Matrix V; gives the rate of transfer of individuals out of compartments ¢, minus

the rate of transfer of individuals into compartments z.

We then find the linearized form or the Jacobian matrix for F; and V;, evaluated
at Py, and denote them as F' and V respectively. The generation matrix G is the

product of F' and the inverse of V.

that is
G=FV~L

Then the value of Ry will be the dominant eigenvalue of G. For the above system

of equations,we arrange them as follows:

dL,
dt - (1 _p)ﬁXuT_ (M+V)LU7
dT
dX
L= —uX, — BX,T.
so that m = 2 and
1 —p)sX,T +v)L,
F = (1-p)p | V= (p+v)
pﬁXuT (,U + ,UT)T —vlL,
0 (1-— + 0
P (1 —p)Br/p Cye (n+v)
0  pBr/p —v (u+pr)

1 n+ pr 0
(M+V)(N+MT) v n+v

-1 __
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pr v(l=p) (A=p)p+v)

“= w(p+v)(p+ pr) vp p(p+v)

To solve for the eigenvalues of GG, we let

a = v(l—p),
b = (1-p)(p+v),
¢ = vp,

d = plp+v).

571' a— A b
prv)ptpr) | o g— )

’G—)\[’ =

Solving for A we get the following equation
N —(a+d)\+ad — bc = 0. (2.7)
It can be shown that ad — be = 0, so equation(2.7) reduces to
AN = (a+d))=0. (2.8)
Which solves to
A =0, (2.9)

and

B (pp + v)

M= it )

(2.10)

Clearly our dominant eigenvalue is Ay which corresponds to our Ry according to

the method.Thus

pr(pp +v)

o= it o)t pr)’
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-Esl=a]

Now expressing the endemic equilibrium points in terms of Ry we have,

xr o= =
M1R0 1
L = ﬂ(l__)’
w+v Ry
™ = ERry-1).

g
From above it can be noted that X, L* T™ are defined for Ry > 1, thus P, exist

if Ry > 1, that is the disease will persist if we have more than one new infectious
case produced when one infectious individual is introduced into a population

where everyone is susceptible.

2.6.1 Analysis of the reproduction number

We have calculated the value of Ry above and we found that it is given by:

ro= [ )

This rate depends linearly on;

e the average number of susceptible individuals that one infectious case infects
per unit time, ﬁ”

e the mean infectious period, ﬁ, and

e the probability that an infected individual will develop into an infectious

e, pu+v V(l p)

cas , which can be splitted into p4+—=—-+ where p is the probability by

which an mfected individual develops active TB immediately after infection

v(l—p

and o +V) is the probability by which an infected individual will progress

to latent infection after infection.
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It is the product of the three cases. An epidemic control strategy will target to
reduce these values. We shall compare the other values of Ry for the other models

to the above value of Ry in terms of efficiency in reducing it.

2.7 Stability Analysis of ) and P, by the Lin-

earization Method

We say P, or P, is stable if all the eigenvalues of the linearised matrix of the

system evaluated at each equilibrium state are negative.

For the above system of differential equations the Jacobian matrix is as follows:

—p — BT 0 —BX,,
J=|Q-ppT* —(n+v) (1-ppX;
pBT* v pBX; — (k+ pyp)

Evaluating J at Py = (7/u,0,0), we have

—f 0 —fr/p
JB)=1{ 0 —(u+v) (1-ppr/u
0 v pBT/u— (p+ pr)

To find the eigenvalues we solve the system

’J(PO) - A[) —0,

which gives us
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—H = A 0 —p/p
)J<Po>—M) =l 0  —(u+tv)-2A (1—p)Br/p = 0.
0 v (pB7 /1 — (1 + pr)) — A

Solving the above system leads to

(A —(p+v)—A (1 —p)Br/p o,
v (pBT/ 1 — (e + pr)) — A

= —pu—-X =0 (2.11)

or

(=(p+v) =N ((pOr/p = (p+ pr) = A) —v(l —p)Br/p = 0. (2.12)

From equation (2.11) we have that

)\1 = — M.

Solving equation (2.12) for the other two roots, we let

a = ,LL—}-I/,
b = pBr/u— (u+ pr),
¢ = v(l—p)pr/p.

So that we have (2.12) as

(—a—=A)(b—X)—c=0,
—((a+A)(b—=X) —c=0,
M 4 (a—b)A— (ab+c) =0,
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—(a—0b) £ +/(a —b)2+4(ab + c)

= Ag3 = 5 :
Sy = _(a—b)+\/(a2—b)2+4(ab+c)7
~oa = —(a—b) — \/{a—b)* +4{ab + o)

2

From above, \; is readily negative, and for Ay 3 to be negative we should have

the following situation.

—(a—0b) £ +/(a —b)2+4(ab+ c)
2

<0,

—(a—b)++/(a —b)2+4(ab+c) <0,

+/(a —0)2+4(ab+c) <a—b,
squaring both sides gives
(a —b)? +4(ab+c) < (a — b)?,

4(ab+c) <0,

ab+ ¢ < 0.

Now substituting for the values of a, b, and ¢ we have that

(n+v)(pBr/p— (p+ pr)) +v(1 —p)pr/u <0,
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(n+v)Br/pn— (p+v)(p+pr) +v(1 —p)Br/u <0,

(p+v)p+v(—p)Br/p < (p+v)(p+ pr),

(pp +v)pm
p(p +v)(p =+ pr)

<1,

Ry < 1.

Thus F, is stable for Ry < 1.
Stability Analysis for P,.

For the endemic state, we shall use the points expressed in terms of Ry. Substi-

tuting the equilibrium points into the Jacobian matrix we have:

—p-BE(R—1) 0 S
J(P) = | 1=p)BG(Ro—1) —(n+v) (A-pB5 |
pB5(Ro — 1) v B — (ju+ pir)
which reduces to,
_MRO 0 —ﬁﬂ'/RO
JP) = | p(1=p)(Ro—1) —(u+v) 0=
pp(fo —1) v B (u+tpr)

Solving for the eigen values of
’J(Pe) - )\I’ —0,

we have the following matrix
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_MRO - A 0
TP = M| = (1 = p)(Bo— 1) —(u+v) — A
pp(Ro — 1) v (27
—(p+v)— A\ (1—p)Bm
(—pLo—A) o . "R
v (Brs — (w+pr)) — AL f10
From above letting
a = pu+v,
ppom
p = 20
R (k+ pr),
. = A= p)br
pRo
d = vp(l—p)(Ro—1).

We have the following equation;

N 4 (uRo + (a — b))A\* + (uRo(a — b) — (ab+c) + )X+ (e — (ab + c)uRy) = 0,

where

If again we let

a1
as

as

= MR0+(a_b>7

= pRy(a —b) — (ab+c) + 7,

= e— (ab+ ¢)pRy.
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such that the above equation is
)\3 + (ll)\2 +CL2/\+CL3 = O

Using the Routh-Hurwitz Stability Criterion which states that if all the eigenval-

ues of the above equation have strictly negative real parts then
a; > 0, as > 0, and ajas — ag > 0.
So we say that Pe is stable if the following are true;

a; = pRo+a—-b > 0,
poT

pBo+ (ptv) = (Tpe = () > 0,

(pp +v)Bm o7
Gt T Gy ) > o

This is possible for;

ppm
— - < 0
R (1 + pr) :
N
p(p+ por)
pbr  (pp+v)Brm 0
plp+pr) e+ v)(p+ pr) ’
pr < _ppt V) 0
(e + pr) u+1v ’
B (V(p— )) <0
wlp+pr) N p+v
The above inequality is possible for
p—1<0.
= p <1
d
as = prd + MPBW(RO — ) (n+v)—(ab+ c)uRy > 0.
Ry Ry

For the last term ab + ¢ we find that p < 1 as above, so we analyse the first two

terms.

[t = p)Ro - )] + 2[Ry - D+ )] > o
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T By~ )t~ ) + 1)) > 0,

Ry
on(1 = o) [t +v)] > o

The inequality holds for
11— Rio > 0,
= Ry > 1.
aias — ag > 0,
[uRo + (a — b)} [uRo(a —b) — (ab+c¢) + Py} — [e — (ab+ c)uRy| > 0.
It can be observed that analysis of the last condition will give the same results

as for the first two conditions because of the presence of similar terms.

Thus P, is stable for Ry > 1 and p < 1.
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Chapter 3

The Transmission Model with

Treatment

The model was developed by [4]. The dynamics of treating the latently infected

individuals and for those with antibiotic resistant TB were not considered.

3.1 Variables

The host population was divided as above, for the basic model without treatment.

3.2 Parameters

In addition to the parameters for the basic model, we have ¢, which is the treat-

ment rate of active TB.
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N

(1 —-p)pX.T

pBX,T

v,

> T = (pt+pr+o)T

Figure 3.1: Compartmental Model 2

3.3 Assumptions

The assumptions for the model with treatment are the same as before. An addi-

tional assumption is that the treated individuals get permanent immunity against

TB.
In figure 3.1, we present the data in a compartmental model.

Individuals enter the susceptible population at rate 7. Uninfected-unvaccinated
individuals (X,) are infected at rate S7T(t), and then either progress to active
disease (T') immediately after infection with probability p, or progress to latent
infection with probability 1 — p. Latently infected individuals (L,) progress to
active disease because of re-activation of latent infection at rate v. Individuals
with active TB either die at a rate ur or receive effective treatment at a rate
¢. All individuals in the different classes die naturally at rate p. The model

equations are as follows.
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3.4 Model Equations

dX

dL,
o = (1=p)BXT = (u+v)Ly, (3.2)
dT
= pBX. T +vL, — (p+ pr + ¢)T. (3.3)

3.5 Equilibrium states

Like for the basic model, we equate the model equations to zero and solve for

Xy, L, and T.

7 — X, — X, T = 0, (3.4)
(1= PBXT = (p+ W)L, = 0, (3.5)
pBX T +vL, — (p+ pr+0)T = 0. (3.6)
From equation(3.5)
I — (1 —-p)pX.T
u I T .

Substituting L, into equation (3.6) we have

1—p)BX,T
pox, 7+ /DXL T =0
p+v
If we factor out T', we get
T =0,

e _ (ntpr+ ) (p +v)
Blpp+v)

Substituting 7* = 0 into equation (3.4) and equation (3.5) we get

X, =7/u,
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and

Thus our disease free state Py,

Py = (X},0,0) = (7/p,0,0).

Which exists readily since 7/u > 0.
Next we solve for the endemic equilibrium points.

From equation (3.4)

Substituting
pt pr + @)+ v)

.
K= Bpp+v)

we have that

T m(pp + v) B

It
(m+v)p+pr+¢) B

Lo Brlputv) .

p(p +v) (e + pr + @)

Solving for L} using X and 7™ we have that

ftv (- Br(pp+v)

Thus P,, is given by

pp + pr + @) (e + V))‘

B (putv)

_ « 7x g\ _ [ (wtpr+o)(ptr) (1-p) plptpr+¢) (utv)
P = (Xw LwT ) - < ﬂ?ppH»l/) ' ptv (1 o ﬁﬂ?p;ﬂru) )

P, exists for
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Br(pp + v)
e+ v)(p+ pr + @)

T = —1>0,

Br(pp+v)
(e +v)(p+ pr + @)

And

(1—p)(1_u(u+uT+¢)(u+V)

Lk =
Y optv Br(pp+v)

) >0,

pw(p+ pr + @) (p+v)

=1 Br(pp+ v)

Y

Br(pp+v)
pw(p+ pr + o) (u+v)

> 1.

Br(putv) ; ;
Thus unless Gt +9) () 1, P, will not exist.

3.6 The Reproduction number, R(()l)

Using the same method as for the basic model, we calculate R((]l) for the model

with treatment.
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(1 —p)BX,T (n+v)L,

~Fi - ) VZ -
pBX,T (14 pr + )T —vL,
(1—p)Bm
7o 0 ) ’ Vo w+v 0
0 p’% v+ pr+ o
o Pyl Br (I=plv (1—=p)(pt)
p(p + pr + @) (u+ v) j2% p(p+v)

Solving )G — /\]) = 0 we have that

and
Br(pu+v)
w4+ pr+ @) (u+v)

Ay corresponds to the value of R((]l),

R = [l ]

3.6.1 Analysis of the Reproduction Number

From above calculations, we have that

= [ el ()

Expressing R(()l) in terms of Ry, which is for the basic model, we have
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(1 + pr)

RW — g, T
0 O(M+MT+¢)

MApr
ptpr+o

R((]l) has a fraction, which reduces Ry. So treatment of active TB reduces
the cases of the disease by reducing the infectious period. We can therefore say

that, treatment of active TB, as a control strategy, has positive results.

3.7 Stability Analysis of P, and P, by the lin-

earization method

As before, we find the linearized form of the model, then evaluate it at F, or at
P.. We then find the eigenvalues of the Jacobian matrix. If they are all negative,
then we conclude that Py or P, is stable, or just find the condition when the

eigenvalues will be negative.

The Jacobian for the system is as follows:

i — BT 0 -BX;
J=11-p)pBT* —(u+v) (1-p)BX;
pBT* v pBX; — (u+ pr + @)

Evaluated at Fy and solving

we have the following
—p = A 0 —bm/p
[J(P) = M[=| 0  —(p+v)—A (1—p)Br/u = 0.
0 v (pBr/p— (p+ pr + ¢)) — A
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If we let

a = ptv,
b = pBr/u— (u+ pr+ ),
¢ = v(l—p)pn/p.

We get the reduced equation

(=p=M(=a=Nb=A—-c = 0

:>)\1 = —ILL

From the above equation we solve for the other two roots and get that

—(a—1b) £ +/(a—b)2+4(ab +c)

)\2,3: 9 )

L = —(a—b)+\/(a2—b)2+4(ab+c)‘
And

D= —(a—b)—\/(a—b)2+4(ab+c)'

2

A1 is negative, we then establish a condition for Ay 3 to be negative.

—(a—0b) £ +/(a—b)2+4(ab +c)
2

A2,3 = < 07
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= —(a —b) ++/(a— )2 +4(ab+c) <0,

= ++/(a —b)2 +4(ab+c) < (a ),

squaring both sides gives

(a —b)* +4(ab+c) < (a — b)?,
4(ab+c) <0,
ab+c <0.

Substituting back for the values of a,b and ¢, we have:

(n+v)(pbr/p— (4 pr +¢) +v(l —p)Br/u < 0,
(n+v)pBr/p— (p+v)(p+ pr + ¢) +v(1 —p)pr/p < 0,

Br/u((p+v)+v(l—p)) < (p+v)(p+pr+ ),
(pu+v)Br

p(p+v)(p + pr + @)
Ry < 1.

1,

Thus F, is stable if Ry < 1.

Stability Analysis for P,
For simplicity of our equations, we first express the endemic equilibrium points

in terms of Ry then analyse the stability.

In terms of Rél), we have

™

ji* _ -
u 1)
uRy)
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™ =

* —p)m (1)
L = ———(1-1 )
L= g, U URD)

Clearly P. exists for R(()l) > 1 that is P, exists when we have more than one
new infectious case produced when one infectious individual is introduced into a

population where everyone is susceptible.

The Jacobian matrix

—u— BT* 0 —BX;
J=1(1-ppT* —(u+v) (1-pBX; )
pBT* v pPBXy— (u+pr)

T 1-p)m 1 1 :
evaluated at P, = (uRél)’ (ny) (1-— 1/Ré )), %(R(() )~ 1) gives

(1) _Bn
—uR 0 uRﬁf)l)
JP)= | n( =B 1) ~(u+v)  Q-p |
p,u(R(()l) - 1) v % —(p+pr+9)
KLy
_ (1) _ —fBr
MRO A © uRél)
[J(F) =Ml = (1 = p)(Ry) =1) —a—X (1—p)-2e5| =0.
Lt
e v b— A
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After letting

We have the following equation:

—(uRy + N)(—(a+ )b —A)

—(uR + M)A+ (a — BN — (ab+¢)) —

— (RO NN = (R +X) (a—b) A+ (R + M) (ab+c) —

N+ (uR"M +a—b)\2+(1RS (a—b)—(ab+c)+

Let

a1

a2

as

= ntv,
ppom
= —my — (Bt pr+9),
ply 3
m
= v(1—p)—F
MRo(l
= vp(l-p)(Ry — 1),
= up(Ry) — 1)
O
—¢) = —g(d+ (a+ Ae) =0,
Mirs

Ord Brea B Bre) _

pRy)  uRY

O
phy
BW((I/) JA+ &(Tl)
PRy phy
pRSY +a— b,
Ome

(1)

Ry’ (a—b) —(ab+c) + —,
ﬁ()( )=+
T

ﬂ(d + ae) — ,uRél) (ab+ c).

ply

23
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We have the following equation
A a A2+ a4+ a3 =0.

By the Routh-Hurwitz Stability , if the eigenvalues are negative, then;

alz,uRél)—i-a—b>0,

pBm

HRY + p+ v — | = (n+ pr + 0)| > 0.
o
This is possible for:
ppm
(1) _(/’L+/1/T+¢> < 07
ot
pom _ R(l) < 0
p(p+ pr + @) ’ 7
ppm B (pp +v)Br -0

plp+pr+¢)  plp+v)(p+ pr +¢)
pr <p_pu+V)
u(u+u%+¢) (u+1V)
s vip —
u(u+w+¢)< pv > <0

The above inequality is possible for

p—1<0.
= p <1
7T
as B—(l)(d—l— ae) — uRél)(ab+ c) > 0.
s

It can be shown that ab+ ¢ = 0, then we are left with analyzing

ﬁ—ﬂ(l)(d—irae) > 0,
5 5 ,URO
T T
(1 — p)(Ry — 1) + 25 Ry — 1 > 0
uRoW( p)(Ro )+MRO(M+V)( o— 1L)up :

2 (Bo = 1) |1 = p) + (5 + v)up| > 0,
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The above inequality holds for
Ry—1>0.

= Ry > 1.

aiag — ag > O,

Brup(RY) — 1)} . Br
pRg pRy

[/LR(()l)—‘r-a—b} [uRél)(a—b)—(ab—I—c)—l— (d—l—ae)—,uRél)(ab—l—c) > 0.

It can be observed that analysis of the last condition will give the same results

as for the first two conditions because of the presence of similar terms.

Thus P, is stable for Ry > 1 and p < 1.
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Chapter 4

Transmission Model with
Pre-exposure TB Vaccines and

Treatment of Active Disease

The model was developed by [18] et al. The fact that vaccine may wane over time
was not considered. It was also assumed that natural immunity is not enough to
offer some protection and that TB cases are due to re-activation of latent bacilli

not due to exogenous re-infection.

4.1 Variables

The host population was divided into the following groups:
X.- Unvaccinated susceptible individuals.
X,- Vaccinated susceptible individuals.

L,- Unvaccinated latently infected individuals.
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L,- Vaccinated latently infected individuals.

T- Active TB cases.

4.2 Parameters

We have the following parameters used in this model:

m- The recruitment rate.

c- The fraction of the vaccinated susceptible individuals.

w1~ The natural death rate.

ur - Death rate due to active disease.

[ - The probability of transmission.

p - Probability of developing active TB immediately after infection.
¢ - Effective treatment rate.

€1 - The probability of protection from infection.

€5 - The probability of protection from progressing to active TB.

€3 - The probability of protection from reactivation of latent infection.

4.3 Assumptions
e We assume that vaccine takes quite a long time to wane so vaccine waning
will have not much effect on the models.

e Vaccine offers some degree of protection from infection, developing active
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disease soon after infection and re-activation of the latent bacilli.

e Not every susceptible individual will be vaccinated, as a result we have the

fraction ¢, which denotes the vaccinated portion of susceptible individuals.

In figure 4.1 we present the above information in a compartmental model.

(1—c)r cm
Xy Xy
11X, Xo
I L, pee2S X, T
N
Lu /"LLU
H Lu BVLv
N /
T
\J(M + pr + )T

Figure 4.1: Compartmental Model 3

Individuals enter the susceptible population at rate m, and a fraction ¢ of them
are vaccinated. Uninfected-unvaccinated individuals (X,) are infected at rate
BT'(t), and then either progress to active disease (1') immediately after infection
with probability p, or progress to latent infection with probability 1 —p. Latently
infected individuals (L,) progress to active disease because of re-activation of
latent infection at rate v. Uninfected-vaccinated persons (X,) are protected from
infection by probability €;. Vaccinated individuals who become latently infected
(L,) are protected from rapid progression to active disease by probability €. It is

assumed that the vaccine may offer some protection from re-activation of latent
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infection by probability e3. Individuals with active TB either die at a rate ur or

receive effective treatment at a rate ¢.

4.4 Model equations

dX,

ol (1—¢o)r — puX, — X, T, (4.1)
dX

dtv = cm — puX, — 0X,T, (4.2)
dL,

dt = (1 - p)ﬁXuT - (M + V)Luy (43)
dL,

el (1 — ep)e1 BX,T — (p + €3v) Ly, (4.4)

T

il pBX T + €16apBX, T + vLy + e3vL, — (u+ pr + ¢)T.  (4.5)

4.5 Equilibrium States

Equating equation (4.1) to (4.5) to zero, we solve for X, X,, Ly, L, and T

(1-¢r—pX, =X, T = 0,  (46)

er —pX, —afX,T = 0, (47
(1-p)BX.T — (u+v)L, = 0,  (48)
(1—ep)afX, T — (n+ev)ly = 0, (49)
4.10)

pBX T + e16apBX, T + vLy, + e3vL, — (u+ pur + ¢)T = 0. (4.10

From equation (4.8) and (4.9) we have that:

(1 —-p)pX.T

L, =
ot v

Y
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and

(1 - €2p)€15XvT

L, =
W+ €3V

Substituting L, and L, into equation (4.10) we have:

1-— X, T 1-— X, T
( p)ﬁ u +€3y( €2p)€15 v

X, T X, T
B + e162pf3 +v iy Lt esv

—(p+pr+¢)T = 0.
Factoring out T from the above equation gives:

T* =0,

or

v(1—p)BX, + ez (1 — ep)er X,

X, +e1epBX, +
pB 16203 Lt v [+ v

—(p+pr+¢) = 0.

1.e

1-— €163(1 — €
(p+ —p)ﬁXu + (e162p + M)

Xy — (1 + pr + = 0.(4.11
- LB, (utpr e 9) = 041

With 7% = 0, into equation (4.6), we have:

XZ:M-
i

Into equation (4.7) T = 0 gives:

xr ==
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Into equation (4.8), T* = 0 gives:

and into equation (4.9),
L;=0.

Hence the disease free equilibrium state P,

1—
PO = (XzaX::?O:OaO) = <ﬂ,ﬂ,0,0,0).
I I

Which exists for 0 < ¢ < 1.

We now solve for the endemic equilibrium states.

From equation (4.6)

1

T —
BXy

(1= c)m — pXa).

Substituting 7" into equation (4.7), we have;

1
em — puX, — ElﬁXUﬁT((l —om —puX,) =

Xy, — ubX, X, —e18(1 — o) X, + pe fX, X, =

X, — e (1 —o)nfX, + (61 — DupX, X, = 0.
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From equation (4.11), let

v(1—p)
= —}-7’
q P
1 —
r o= et ML @P)acs
W+ €3

s = ptpr+o.

Such that we have

BX,+r6X,—s = 0.
From (4.13)
S — qﬂXu
r3
Substituting X, into equation (4.12) we have

X, =

(4.13)

(61 — DpgBX2 — (crfBr+ e1(1 — e)mqB + (61 — us) Xy + €1 (1 — ¢)ws = 0.

From above let

t = (e —1)ugp,
u = cnfr+e(l—c)mgB+ (e — 1)us,

v = €(l—c)ms.

So that we have

tX2 —uX,+v=0.

. utVu?—dtu
= X, = o7 ,
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Lox s qluEvu? —4tv)'
rp3 2rt

From equation (4.6)

T 1((1—0)7r_

Substituting for X, we have

1, 2(1—c)rmt

T* —
(u + Vu? — 4tv a

-3 ).

From equation (4.8)

Lu - L+ v ((1_6)7T_IU/XU)7
., ([1-=p) u £ vu? — 4ty
1= D - or - )

Doing the same for L,, we have from equation (4.9)

1-— GZP)GIBXvT
W+ €3V

L=
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1 —epapX,, cr 1

o | N
! W+ €3V aBX, eap

),

L= S ix,),

I (1 —ep) ( < s qlutvu?— 4tv)>
= —\Ccm — - :
Y p+t ey a rf3 2rt

Hence the coordinates of P,,
P, = (uivu2—4tv s qutvul—dtv) (1-p) <(1 — C)7T - M(ui“;i—ﬁlt?)))’ (1—e2p) (cﬂ' _

2t T rg 2rt 7 oputv ptesv
(i o q(ui\/u274tv)> l( 2(l—c)mt
H r3 2rt ’ B\ utvu2—4tv K-

P, exists for

uw+ Vu? — 4t
2t
utVu?z—4tv > 0,

s
I
V

=

The inequality holds for

€eg—1>00rl1—c>0.

=e¢ >lore< 1.

65



4.6 The Reproduction Number, RSQ)

We now calculate the reproduction number for the model using the same method

as above.
(1 —p)BX.T (u+v)L,
Fi= (1 — ep)e1 X, T , Vi = (1 + e3v) Ly
pﬁXuT + pGIGQﬁXUT (/‘L + HT + ¢)T - VLu - €3VL11
00 (1—-p)BX, u+v 0 0
F=100 (1-eapeabX, | V= 0 p+ev 0
0 0 pBX,+paeiX, -V —€3V QA+ pr+ ¢
1 0 v
ptv () (ptmur+¢)
-1 _ 1 —€3V
4 0 L+esv (;L—I—GBHU)(Z-FHT-HZ?)
1
0 0 ptpr+¢
(-p)(1—c)Br
00 p(ptpr+)
— -1 _ (1—eap)e1 Bem
G=FV 00 p(ptpr+0)
pB(1—c)m+pereafer
00 p(ptpr+)
Solving the equation
G — | =0,
we have
A1 = 07
and

pB(1 — o)1 + perexfem

Ao =
? p(p+ pr + @)
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A2 is the dominant eigenvalue which corresponds to the value of Ry. Thus

o= (2 gl e+ el b

4.6.1 Analysis of the Reproduction Number

Expressing R(()Q) in terms of Ry we have

(4 v) (e + pr)((1—c) + 61620)29'

RY =R
0 ° (1 + pr + ¢)(pp +v)

It can be noted that Rém reduces Ry in three ways. The first one is by reducing
the mean infectious period by the factor ¢. Secondly, the total probability of de-

veloping active TB, ”(Vl;/f ) + p, by that it does not have the term ”(VIT_HP). Thirdly

by further reducing p by the factor 1 — ¢ + €165¢. So we may consider the in-
troduction of pre-exposure TB vaccines as a successful epidemic control strategy

and more effective than treatment of active disease alone.

4.7 Stability Analysis of I, and P. by the lin-

earization Method.

Py is stable if the eigenvalues of the linearized form of the system evaluated at

Py are all negative.
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The linearized form J, for the third model is as follows:

—p — BT 0 0 0 —B6X5
0 —pu — e T 0 0 —e1 08X
J=10-p)pT 0 —(u+v) 0 (1-p)BX;
0 (1 — eap)e1 BT 0 —(u + €e3v) (1 —ep)efX
ppT* pPerexT” v €3V pBX; + pereafX] — (1 + pr + ¢)

Evaluated at Py = (%, <, 0,0, 0) we get:

o —B(l—c)m
w0 0 0 BT
0 —u 0 0 *GlTﬁCﬂ
J(Po) = 0 0 _(M + l/) 0 (l—p)ﬁu(l—c)ﬂ
0 0 0 — (1 + €e3v) 7(1*62126150“
0 0 v €3V pﬁ(l}:C)” + p61e;ﬁc7r — (i + pr + @)
If we let,
a = p+v,
,_ 1-pB0 o
M )
cC = M+€3V7
J - (1 — eap)erferm
B(1 u) ’ B
—o)r €162 3cm
7= : + 2L —(p+ pr +¢).
Y Y
and solve
|J(FPo) — M| =0,
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we get:

—u—X 0 0 0  Hor

0 =X 0 0 —ajer
|J(Po) = Al[=| 0 0 —a—-XA O b | =0,

0 0 0 —c—X d

0 0 v €3V ¥ —A

—a— A 0 b
(= —=N(=p—=XN)| 0 —c—X d |=0,

v €V Y= A

:>/\1:/\2:—/,L.

—c—\ d 0 —(c+A
(—a —\) +b ( ) =0,

eBr Y —A v €3V

—(a+N)(=(c+ AN (y—A) —desv) +bv(c+N) = 0,
(@+N)(c+N)(y—A) + (a+ Ndesv + bev + bvh = 0,
(a+ X)) (=X + (v — &)\ + ¢y) + adesv + desv) + bev +bvd = 0,

N4 (a—v+ )N+ (alc — ) — ¢y — bv — esvd) A + (—bev — adesv — acy) = 0.
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Let

a = a—7+¢,
ay = alc—7)—cy—bv—evd,

a3 = —bcv — adesv — acy.

So that we have

)\3 —|—a1)\2—|—a2/\—|—a3 = O

By the Rourth-Hurwitz Stability Criterion, if the eigenvalues above have negative

real parts, then

ap=a+c—y>0,

(u+v)+(p+erv)— p’g”(%m”c)—(ujLuTde))] > 0.

The above inequality is satisfied for

poml—ctacd) (.14 < 0

i
pOm(l — ¢+ €165¢
( . ) (et pr+ 6),
pBr(1l — ¢+ €1€5¢) 1
(e + pr + @) ’
Ry < 1.

az = —(bev + adesv + acy) > 0,

az = bev + adesv + acy < 0,
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u u

[ )] [ e ) (2255 [ () (220
(n+ 1+ 9))] <0

The above is possible if:

pBr(1l — ¢+ €1€5¢)

—(p+pr+¢) <0
ol

= Ry<1

The same conditions are observed for the third condition of the criterion because

of the presence of similar terms.
Analysis for P,

The equilibrium points for the endemic state are too big and manual analysis is

a bit tricky and too long. So we will not use numerics at this point.
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Chapter 5

Transmission Model with
Post-exposure TB Vaccines and

Treatment of active TB

The model was developed from the work of [18] et al, where the following cases
were not considered, vaccine waning, natural immunity and re-infection of latently

infected individuals.

5.1 Variables

The host population was divided into the following groups:
X, - Unvaccinated susceptible individuals.
L, - Unvaccinated latently infected individuals.

L, - Vaccinated latently infected persons.
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T - Active TB cases.

5.2 Parameters

The parameters used are as follows:

X - The rate at which the latently infected individuals are vaccinated.

m- The recruitment rate.

- The natural death rate.

(- The probability of transmission.

€3 - The probability of protection from reactivation of latent infection.

p- The probability of progressing to active disease immediately after infection.
v- The rate of reactivation of latent bacilli.

ur- Death rate due to TB.

¢ - Effective treatment rate.

5.3 Assumptions

The assumptions for the model are the same as for the model with pre-exposure
vaccines, with an exception of those assumptions about vaccinated susceptible

individuals because we do not have them.

In figure 5.1 is the compartmental model representing the above information

about the model.
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pEXT xL

'U/Lu vL, esvL, ﬂLv

T

N4

J(M + pr + )T

Figure 5.1: Compartmental Model 4

Individuals enter the population at rate . They become infected at rate S7T'(t)
and then either progress rapidly to active disease with probability p or progress
to latent infection (L, ) with probability 1 — p. latently infected individuals (L)
progress to active disease at rate v due to re-activation of latent infection. La-
tently infected individuals may also be vaccinated at a rate y. Vaccinated-latently
infected individuals (L,) are protected from re-activation of latent infection by
probability e3. Individuals with active TB either die at rate ur or receive effective

treatment at a rate ¢. The average life expectancy is 1/p.
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5.4 Model Equations

dX
t = - Xu - XuTa
7 T— 5}
dL,
el (1 =p)BXuT — (x + p+v) Ly,
L
ddtv = XLu— (N + €3V)Lv7
dT
il pBX T + vL, + esvL, — (pu + pr + ¢)7T.

5.5 Equilibrium Points

At equilibrium we have the following solutions of the above system:

™ —uX, — 06X, T = 0,

(1-p)BXT —(x+p+v)L, = 0,

XLy — (nw+ev)L, = 0,

pBX T +vL, +esvly, — (u+pur+¢)T = 0.

From equation (5.6) and (5.7) we have the following respectively:

L, =
X+tVv+p

Y

~ xlLu
n+ €3V’

Ly,

x(1 —p)BX,T
(n+ev)(x +v+u)
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Substituting L, and L, into equation (5.8) we have

(1-p)BXuT x(1—p)BXyT _
PBXLT + v+ eV et — Wt + )T =0,

If we factor out T' from above we get

T =0,
and
(1—-p) x(1—p)
4+ y——" Xu— (u+ pr+0)=0.
(p VX+V+M egy(u+€3l/)(X+V+M))ﬁ (M Hr ¢)

With 7% = 0 into equation (5.5) we have that

X, =7/p.
In equation (5.6)
Li=0
In equation (5.7)
L =0.

Hence we have our P, given by

Py = (X*,0,0,0) = (r/p,0,0,0).

Which exists readily since 7/u > 0.

Now solving for the endemic equilibrium points, from equation (5.9) let

7

(5.9)



q=p+u£%%+gy

x(1-p)
(ptesv)(x+v+p)’

r=p+pr+ .

Then we have

qBX, —r=0.

= Xu:é.
From equation (5.5)
T*:ﬁ;:;_%
= T*—q%—%.

From equation (5.6)

(1—p)BX,T"

L=
X+tVv+pu

?
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1_p *
X+p+v
L=p_ _pry

= ——(m
X+v+p Bq

From equation (5.7)

L*
T
n+ €3V
1_
_ x(1—p) (r — 7y

(1 +esv)(x +v+p) qb”

Thus

_ * * * *\ _ [ r 1-p _pr x(1-p) __pTYN ogm
Pe= (X5, Ly, L, T7) = <Qﬁ’ o (T~ ), (utesv) xtvHa) (m—45) %

).

=

Next we establish the conditions for the equilibrium points to be defined.
X is readily defined because r > 0.

T*=1 5,

=
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pr
:ﬂ—>ﬁq’

= 014 > 1,
ur

= (ﬂ_:)(uwlﬂqs)q > 1

L* %(

= _ur
v (ptesv)(x+r+p) T ) >0,

qB

_ KT
=T q,@>0’

B 1
= (7”)(#+MT+¢

Jg > 1.

Where

~px )+

xesv(l —p)

X+ Utu

(n+ev)(x+u+v)

5.6 The Reproduction Number, R(()?’)

As for the previous models, we calculate Ré3) for this model.

E = 0 ) Vz

pBX, T

(x +v+p)Ly,
(,LL + €3V)Lv - XLu

(1 + pr + ¢)T — vLy — e3vL,
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0 0 (1-p)pX, X+v+pu 0 0
F=100 0 : V= —X U+ esv 0
00 pBX, —v —€v  put+ur+¢
1 —X xesv+v(putesv)
x+tvtp (xtvtp)(esvtp)  (xtptv)(ptesy)(ptur+¢)
V*l — 0 1 —€ev
ptesv (pterv)(pt+pr+¢)
1
0 0 ptpT+¢
_(=p)fm

00 w(ptpr+o)

G=FV'=10 0 0
pBT

00 wlptpr+¢)
Solving |G — AI| =0,
we have

)\1 - )\2 == 0,
and
e — pBm
3 —_— .
p(p+ pr + ¢)

A3 is the dominating eigenvalue and therefore equal to R(()S).

1.e
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5.6.1 Analysis of the Reproduction Number

The Reproduction number for this model depends linearly on the average number
of susceptible individuals that one infectious case infects per unit time, 57 /u, the

mean infectious period and the probability that an infected individual

1
TN
will develop into an infectious case p. It does not depend on the probability of
progressing to latent infection which reduces the total probability that an infected

individual will develop into an infectious case.

That is

7o~ [ el )

"(1—75) of the total probability of developing into an infectious

The missing term, =

case, reduces the total probability p:j;’ hence reducing Ry. The mean infectious

period u% is also reduced by a factor ¢. Expressing R(()3) in terms of Ry we have

(1 +v)(p+ pr)p

R® — R .
0 (i + pr + o) (pu+ v)

Compared to Ré2), we see that it has a missing term that is capable of reducing
p, which reduces Ry further. Thus it is less effective in reducing Ry than R(()Q),
but better than R(()l). Thus in terms of Ry only, the pre-exposure vaccine model

with treatment is effective than the post-exposure vaccine model with treatment.
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5.7 Stability Analysis of F) by the Linearization
Method

As before, we find the linearized matrix of the system and evaluate it at Fy and

then find the eigenvalues of J. If they are all negative then we conclude that Py

is stable.
—j— BT* 0 0 —BX*
S (1=p)BT* —(x+v+p) 0 (1-p)BX;
0 X — (1 + €e3v) 0
pBT” v €3V pBXG — (p+ pr + @)

Evaluating J at Py = (7/u,0,0,0) we have

— Ibs
" 0 0 p
0 —(x+v+np) 0 w
J(BRy) = ’
0 X — (1 + €e3v) 0
0 v e BT —(utpr+9)

If we let
a = X+v+pu,
b = (1-p)pr/p,
c = W+ ey,
pBm
v o= — —(ptpr+o)
1
and solve
|J(FPy) — M| =0,
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we have

—pu—=X 0 0 =

0 —a— A 0 b
|[J(Po) — M| = =0,

0 X —Cc— A 0

0 v eV Y—A
which reduces to

—a— A 0 b
(=N | ¥ —c—XA 0 |=o0
v eV Y= A

p—A=0 = A =—u

Solving for the other three roots from the 3 by 3 matrix we have

N+ (c—7+a)X?+ ((c —v)a — ¢y — )\ + (—cya — byezv — bve) = 0.

Let

a = c—7% + a,
@ = (c—a—cy—by,
az = —cya —byesv — buc.

= M4+ 2+ a)+ a3 =0.

By the Routh-Hurwitz Stability Criterion as for above models, if the eigenvalues

are negative, then

ay=c—7y+a>0,
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az = —cya — byesv — bve > 0,

a1ay — az = <c—7+a><(c—7)a—w—bu) +<(c—7)a+cv+bu) > 0.

Substituting back for the values of a, b, ¢ and v we have

ay = (p+ €esv) — [p’%—(uﬂwﬂb) +(x+v+mp >0

This is possible when v < 0, that is

T
]%—(MJFMT-F@ < 0,
pBm
o < (u+pr+9),
N pom 1,
p(p+ pr + @)
= Ry < 1.

as = (1t eav) (B2 = (et por 4 0)) et v 0)] + [ 52 (e + o+ )| <0
We consider a3z < 0 because a3 is negative.

For a3 < 0 then

pBm
7:7_(N+MT“‘¢) < 0,
N pbm 1,
g+ pr + @)
=Ry < 1.

The same conditions as above are observed for the third part of the criterion,

ajae — az > 0 because of the presence of similar terms.
3

Analysis for P,
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Due to the size of the endemic equilibrium points, finding the conditions for P, to
be stable manually, will be a bit cumbersome. At this point, we will not consider

numerical analysis.
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Chapter 6

Model With Combined
Pre-exposure Vaccine,
Post-exposure Vaccine and

Treatment of active disease

The model was developed from the work of [17] and [18] et al from their pre- and
post-exposure vaccines models. We tried to combine the two models so that we
have vaccination both before and after infection. We shall find out the effect of

the two vaccines when combined.

6.1 Variables

The host population for the model is divided into:

e X, - the unvaccinated susceptible individuals.
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X, - the vaccinated susceptible individuals.

L, - the unvaccinated latently infected individuals.

L, - the vaccinated latently infected individuals.

e T - the active tb cases.

6.2 Parameters

We have the following parameters used in this model:

m- The recruitment rate.

c- The fraction of the vaccinated susceptible individuals.

w1~ The natural death rate.

ur - Death rate due to active disease.

[ - The probability of transmission.

p - Probability of developing active TB immediately after infection.
¢ - Effective treatment rate.

€1 - The probability of protection from infection.

€5 - The probability of protection from progressing to active TB.

€3 - The probability of protection from reactivation of latent infection.

X - The rate at which the latently infected individuals are vaccinated.

38



6.3 Assumptions

e Transmission occurs through contact between a susceptible individual and

an infectious individual.

e The net rate at which new infected individuals arise is proportional to
the number of susceptible individuals X, times the number of infectious
individuals 7', times the probability of transmission from T to X, [, i.e

6X.T.
e TB is a fatal disease, that is TB Kkills.

o After being infected, a susceptible individual may either develop active TB
immediately after infection at a probability p or become latently infected

with probability 1 — p.

o Active TB cases are due to endogenous re-activation of latent bacilli only,

with exogenous cases insignificant.

e There is no natural immunity against infection and against progression to

active disease.
e Treated individuals get permanent immunity against TB.

e We assume that vaccine takes quite a long time to wane so vaccine waning

will have not much effect on the models.

e Vaccine offers some degree of protection from infection, developing active

disease soon after infection and re-activation of the latent bacilli.

e Not every susceptible individual will be vaccinated, as a result we have the

fraction ¢, which denotes the vaccinated portion of susceptible individuals.

Figure 6.1 shows the compartmental model.
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CcT

(1—c)r
X X,
& X
X v
: (1 —-p)pX,T (1 —ep)er X T
pBX, T I
L, Xy L, pe1e2BX, T
1 7
pLy vL, €sv L, bl
. T
J(M +pr + )T

Figure 6.1: Compartmental Model 5

Individuals enter the susceptible population at rate m, and a fraction ¢ of them
are vaccinated. Uninfected-unvaccinated persons (X,,) are infected at rate 57'(t),
and then either progress to active disease (7') immediately after infection with
probability p, or progress to latent infection with probability 1 — p. Latently
infected individuals (L,) may be vaccinated at a rate y or progress to active

disease because of re-activation of latent infection at rate v.

Uninfected-vaccinated individuals (X,) are protected from infection by proba-
bility €;. Vaccinated individuals who become latently infected (L,) are protected
from rapid progression to active disease by probability €;. It is assumed that the
vaccine may offer some protection from re-activation of the latent infection by
probability e3. Persons with active TB either die at a rate ur or receive effective

treatment at rate ¢. The average life expectancy is 1/pu.
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6.4 Model Equations

dX

dtu = (1—-on—pX, T — puX,, (6.1)
dX

dtv = cn—pX, T — puX,, (6.2)
dL,

e (1 =p)BX, T — (x+v+p)L,, (6.3)
dL,

prali (1 — ep)e1 BX,T + x Ly — (1 + €3) Ly, (6.4)

dT

= = pBX. T + pereaSX, T + vLy + €3vLy — (n+ pr + ¢)T.  (6.5)

6.5 Equilibrium Points

We now find the equilibrium points by solving the above system when at equi-

librium.

(1—-c)r—pX, T —puX, = 0,

et — X, T —uX, = 0,

(6.6)

(6.7)
(1-p)BX T = (x+v+pl, = 0, (68
(1 —ep)e1 BX, T + xLy — (u+€3v)L, = 0, (6.9)
6.10)

pBX T + pereofX, T + vLy, + esvLy, — (u+ pur + ¢)T = 0. (6.10

From equation (6.8)

(1 -p)BX,T
X+tv+up
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From equation (6.9)

1-— €2p)elﬁXvT + XLu

Lv:( )
o+ esv o+ esv

(1 — eap)e1 X, T N x(1 —p)BX,T

= L, = :
A+ esv (X +v+u)(u+ev)

Substituting L, and L, into equation (6.10) we get

(1-p)BX.T (1—eap)e1 BX,T x(1—p)BX.T
PBXT + pere2f X, T +v X+vtp - ESV( ZJre;V + (x+v+p)(ptesv) >_

(14 pr + )T = 0.

From the above equation, if we factor out 7" we get that

T" =0,

or

(p+ v(1-p) + = x(1-p) )BXu + (p€1€2 + 63”(1*62p)61)ﬁXU

X+v+p v+p)(putesv) ptesv
(it i+ 6) =0, (6.11)
With T = 0 into equation
1—
(66) = xr = L=
i



CcT

6.7) = X, = —.
(6.7) .

(6.8) = Ly =0.

(6.9) with L = 0

= L;=0.

Which gives the value of F,

(I1—c)m crm

PO = (X27X:707070) = <7,—,0,0,0).
b

Which exists for 0 < ¢ < 1.

We next solve for the endemic equilibrium state.

From equation (6.6)

Substituting 7" into equation (6.7) we get

(0 5X,)((1 - 7 — pX.)

cm — X, —uX, =
X, — 606X, (1 — o) — pX,) — ubX, X, =
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crfBX, —ea(l —o)npX, — (1 —e)ppX, X, = 0. (6.12)

From equation (6.11) let

vd—-p) . x(1—p)
X+vtp  (x+v+p)(p+ev)
esv(l — eap)e

n—+ €3V
s = p+pur+o.

¢ = p+

T = pEL€gy +

So that (6.11) is

qBX,+rBX,—s=0.

Making X, the subject from above we get

S — QﬁXu

X, =212
B

Substituting X, into equation (6.12) we have

erBX, — (51(17C)7"3‘(57Qﬂxu) _ (1 _ €1)MXu squﬁXu =0,

which reduces to

(1 —e)pugBXi+ (enrf — (1 —e)us + e (1 — )mgB) Xy — (1 —c)ms = 0.
If we let

t = (1—e1)ugp,
u = cmrf—(1—e)ps+e(l—c)mgp,

v = €(l—c)ms.
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We have the above equation as

tX2 +uX, —v=0. (6.13)
. —uxVu?+4ty
= X, = T .

Substituting X into X

s —qf —u£Vu®+4tv

= X7 ( 5

v T/B

).

Substituting X into equation (6.6) and solving for T™* we get

T 2t(1 — o)m B
B B(—u + Vu? + 4tv) A

With X* and T* into equation (6.8) we solve for L}

R —u + Vu? + 4t

Xt rvtp 2t

))-

With X, X7 L? and T* we solve for L

* —e 5— —utvu2+4ty 1-— —utvu?+4tv

Thus the corresponding coordinates of P,.
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pe — (XZ’X;’ Lu*,Lv*,T*) _ <7ui\/u2+4tv s—q,@(fui\/2zf+4tv)

2t 7o ’

(1 — o) — (=)

X+v+u !

1—e¢ s—qB [ —utVu?+4tv (1-p) —utvul+4dtv

;Hrezﬁ( - :U'( 7«5 ( 2t ))) + (X“l’V)‘(i’H)(fUrEgV) ((1 - C)ﬂ- - M( 2t ))7
2t(1—c)w N H)

B(—utvu2+4tv) 8"

Which exists when the equilibrium points are defined.

—u+ VE A
xr =" ;;jL Y s o,

= —uxVur+4dtv > 0,
= utVur+4tv < 0,

=u? < u’+4ty,

=tv > 0.

[(1 - el)uqﬁ} [(1 - c)elﬂs] > 0,

[(1_61)uﬁ<p(x+u)+v+ xX(1—p)

X+tptv (X+V+M)(M+63V)>] [(1_0)61“(“+NT+¢) > 0.

This occurs when
1—¢ >0, 1—-p>0, 1—¢c>0
=ea<l,p<l and c<1.

X s—qﬁ(—ui\/u2+4tv
v 2t

—u + Vu? +4tv
= o >

) >0,

0.

which will be positive for the same conditions as for X above.
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1—p —u £ Vu? + 4tv

Ir=——" (1—¢n— >0,
et (R LR L)
(1—0c)r  —u+Vu?+4dtv

2t(1 —
M >—U:|Z’/U2+4t1),
12

2t(1 — c)7r)2 N 41 — o)
7 7

U
+u? > u? + 4to,

(

2t(1 — c)7r)2 N 41 —o)m
7 7

u—4tv>0,

(

The term (@)2 is readily positive, we then analyze the other two terms.

4t(1 —
7( Q)mu —4tv > 0,
i
]__
4t<( o) —v) >0,
1
1 —
7( c)mu —v >0,
i

(1-0) [W/u(cm“ﬂ — (I —e)pus+ e (1l —c)mqB) — exm(p + pr + d))] > 0.

The above holds if

1—¢c>0 =c<1
e1—1>0 = >1
1—ep>0 = e6p <1
1—p>0 =p<l1

Analysis of the other terms give the same conditions as above.
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6.6 The Reproduction Number,R(()4)

(1-p)BX.T (X +v+u)L,
Fi = (1—e)erfX,T ) Vi= (u+ esv) Ly — xLy,
pBX.T + perea S X, T (1 +pr+ )T —vL, — e3vL,
00 (1-p)BX, X+v+u 0 0
F=|00 0o1l-epasx, |.V= X pteyw 0
0 0 pBX,+peefX, —v —€V  ptpur+¢

1 X —esv+tv(utesv)
x+tvtp (xtvt+p)(ptesv)  (ctvtp)(ptesv)(ptur+¢)
1

—1 —_ —€e3V
4 0 ptesv (ptesv)(ut+pr+9)
1
0 0 ptpr+o

0 0 (1-p)B(1—c)m

wlp+pr+9¢))

— -1 _ (1—e2p)er Ber

G=FV 00 wlptpr+e)
(p(1—c)+pereac)Br

00 wlptpr+e)

C B | R ]

6.6.1 Analysis of the Reproduction Number

8= () sl - acd .

This value is equal to Ré2), which is the reproduction number for the model
with pre-exposure TB vaccines. This result might be revealing the importance
and effectiveness of pre-exposure vaccines in reducing TB cases. It shows that the
average number of TB cases reduced by this strategy is the same as that by the

latter. The introduction of post-exposure vaccines does not make a significant
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change in the number of TB cases reduced compared to pre-exposure vaccines

alone.

6.7 Stability Analysis of F; by the Linearization
Method

We next establish when P, is stable, by finding the eigenvalues of the linearized
form evaluated at Fy. If all the eigenvalues are negative, we will then conclude

that P, is stable, or find the condition for the eigenvalues to be negative.

The linearized form J of the system is as follows:

BT — 1 0 0 0 —BX,
0 —e 8T — 1 0 0 _e X,
J=|(1-p)BT 0 —(x+v+p) 0 (1-p)BX,
0 (1 — eap)er BT X —(p+€sv) (1 —eplapX,
psT per€a 3T v €3V pBXu + pareaffXy, — (p+ pr + @)

Evaluating J at Py = (%, 0,0, 0) we get

- 0 0 0 @
0 —p 0 0 o
JP)=]10 0 —(x+v+np 0 (=p)p1=or
0 0 X —(p + e3v) (—esplesfen
cr v I BT (ot iyt )
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For simplicity we let

a = x+v+p,
(1-p)pd—-or

b = ,
W
c = W+ e,
d = (1 — eap)es fem
Mlu) ’ g
P —c)m  peexfem
v = + = (u+pr + 9).

I I

And then solve for the eigenvalues of J(Fp)

—pu—=A 0 0 0  Hlor
0 —n—=X 0 0 *f“
[J(Po) = M| =] 0 0 —a—X 0 b |=0
0 0 X —c— A d
0 0 v €3V ¥ —A
—a— A 0 b
= (cp=Nr=N| x —e-A d |=0
v eV Y= A
:>A1:/\2:—/,L
And

(—a—=N)((—c=N)(y = A) —desv) + b(xesv + v(c+ N)) =0,

which reduces to

N+ (c+a—v)A\+ (ac—desv + —bv — ¢y —ya) A — (acy + adezv + byesv + bev) = 0.
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Let

ay = c+a—7,
ay = ac—dey + —bv —cy —a,

az = —(acy+ adesv + bxesv + bev).

= N4+ a A\ +a)+az =0.

By the Routh-Hurwitz Stability Criterion used before,

ap=c+a—vy>0,

pBr(1 — ¢+ €1€650)
0

:>[u+e3y]+{x+u+,u]—[ —(M+MT+¢)]>O.
The inequality holds if

pBr(1 — c+ €1650)

L
pBT(l —c+ €1€¢) )
p(p+pr +¢) ’

Ry, < 1.

az = —(acy + adesv + bxesv + bev) > 0
= acy + adesv + bxesv + bev < 0
= acy + adesv + br(xes + ¢) < 0

= [(x+v+u)(u+63V) (mjm”—(wuwﬂb))] + [(x+v+u) (%) egv} +

[M(){Eg + (pu+ 631/))} <0

The summation of the three terms above is negative if we have the following
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conditions

7:])ﬂ7r(1—0+6162) (At ¢) < 0

"
(1l — ¢+ €€
pBr(l —c+ e6) 1
pp+ pr + @)
=Ry < 1
1_
d:( 62p)elﬂm<0, = 1 <ep

<0 = 1<p or l<e

ajas —ag > 0

(c +a— 7) (ac —desv —y(c+a) — by> + <acy + adesv + bv(xes + c)) > 0

It can be observed that for the product a,as to be positive, v ,d and b has to
be negative. We have already analyzed the conditions for v < 0 ,d < 0, b < 0
above. It can be noted also that if az < 0, the inequality holds, and a3 is readily
negative. Thus we have the same conditions as above for a; > 0 and a3 > 0 for

the third part of the criterion to hold.
Analysis of P,

Due to the size of the endemic equilibrium points, finding the conditions for P, to
be stable manually, will be a bit cumbersome. At this point, we will not consider

numerical analysis.
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Chapter 7

Numerical Analysis by the
Fourth Order Runge-Kutta

Scheme

Numerical analysis were carried out for the models using the above mentioned
method. Numerical values of the parameters taken from [3] were used and the
change in behavior of the graphs noted and discussed. The iterative process by

the fourth order Runge-Kutta scheme is given by
1
Yo=Y, + 6(kl + 2ky + 2k3 + ky)

where

ki = hf(@n, yn)
ke = hf(x, +1/2h,y, + 1/2k)
ks = hf(z, + 1/2h,y, + 1/2ks)
ks = hf(x, + h,y, + k3).
The values of the parameters used are given in table 7.1:
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parameter | value parameter value
; 8:305 € 0.4
y 0.013 €3 0.005
L 0.461 X 0.1
o 0.8
» 0.001
c 0.9
€1 0.5

Table 7.1: List of parameter values used in Numerical analysis

The initial populations were estimated in table 7.2 X, = 50000and L, = 1000
were used for the first 2 models. X,, = 40000 and L, = 800 were used for models
3 to 5. To maximize convergence, we ran 1000 points. The matlab programmes

are given in the appendix.
In figure 7.1 to 7.5, are the graphs of the active TB individuals against time.

From figure 7.1 we can see that the graph is increasing to about 1400 individuals
by the second year. It is quite a sharp and fast increase. By the tenth year
there were about 2700 individuals. The graph stopped increasing by the seventh
year and started to decrease after the tenth year. This is because during the
seventh year, the initial susceptible population was almost zero. So there were
no more people coming into the active TB class. They started decreasing because
of natural death and death due to the disease. We can can see how terrible the

endemic can be without any control measures.

When we introduce treatment, the rate at which TB invades the population
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variable value
X, 50000, 4000q
X, 10 000
L, 1 000, 800
L, 200
T 100

Table 7.2: List of variable values used in Numerical Analysis

decreases. There is a small reduction in the total number of TB cases observed
during the first year, about 30% decrease. Then the graph rises again. By the
second year there were about 750 individuals compared to 1400 for the first model.
By the tenth year there were about 1000 individuals which is an improvement
compared to the first model. So treatment has a positive effect in reducing
TB cases but a very small effect and for a short period of time. Which means

treatment needs to be enhanced for better results.

The introduction of pre-exposure vaccines shows a great improvement compared
to treatment alone. There is a very significant decrease in the TB cases by about
85% until the fifth year. Which means that the period of effectiveness is now
extended to five years instead of two years for the model with treatment, and the
TB cases reduced have been increased also. But after the fifth year we notice
an increase again in the TB cases. Which means that pre-exposure vaccines
with treatment is very effective but the effectiveness diminishes with time. If we

extend the time to 30 years the graph will still be increasing.
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With post-exposure vaccines and treatment, the graph decreases, reducing about
75% of active TB cases. The number of cases reduced is smaller compared to
that of the pre-exposure vaccines. But the good thing about this model is that
the graph keeps on approaching zero.If we extend the time to 30 years the graph
will still be decreasing. Which means that the effectiveness of the post-exposure

vaccines does not diminish with time, but increases.

In figure 7.5, we observe how the two vaccines together with treatment give best
results. The TB cases are reduced by about 87%. The graph keeps on approaching
zero. Which means that the combination of the three control measures give better
results than the individual strategies. While the number of TB cases is kept
minimum, the effectiveness also increases with time. If we extend the time to 30

years the graph will still be decreasing.

Active TB Cases 1
3000 T T T

2500

2000

1500

1000

500

Figure 7.1: Active TB Cases 1
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Active TB Cases 2
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Figure 7.2: Active TB Cases 2
Active TB Cases 3
100 T T T

Figure 7.3: Active TB Cases 3
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Figure 7.4: Active TB Cases 4

Active TB Cases 5

4 5 6 7 8 9 10

Figure 7.5: Active TB Cases 5
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Model Validation and Conclusion

The efficiency of the reproduction numbers of the models have been discussed.
Results from numerical analysis also have been interpreted. From the former,
it was concluded that pre-exposure vaccines are the most effective since even
with the combined model the value of the reproduction number was the same
as for the pre-exposure vaccines alone. From the latter, it was revealed that the
effectiveness of pre-exposure vaccines diminishes with time while for the post-
exposure increases. We observed how the graph of the pre-exposure vaccines

started increasing after 5 years and that of the post-exposure decreasing.

In the combined strategy we saw how the two vaccines together gave best results.
While the number of TB cases reduced was kept at maximum, the effectiveness
was maintained. We noted that the graph kept approaching zero. Thus the com-
bination of the vaccines together with high treatment rates is best in eliminating

TB cases.

The results agree with the recommendations of [10]. Indeed the combination
of a pre-exposure vaccine, a post-exposure vaccine, and treatment of active TB
is the most effective epidemic-control strategy for TB elimination in developing
countries, where the prevalence of both infection and reactivation of latent bacilli

is high.

[18] et al found that the effectiveness of post-exposure vaccines would diminish

over time, whereas that of pre-exposure vaccines would increase. This contrast
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might be from the fact that their analysis was based in developing countries
with a high incidence and prevalence of infection only. The prevalence of reac-
tivation of latent infection was not considered. As a result the effectiveness of
the post-exposure vaccines will become less significant with time because it was
assumed there are fewer individuals who needed the post-exposure vaccines. [
strongly believe that if both cases (infection and reactivation of latent bacilli)

were considered, the results would be different.

Due to the increasing prevalence of HIV infection in developing countries, the
models should be developed to include interactions between HIV as future work.
Population age-structures included, would make the models more realistic be-
cause HIV prevalence vary significantly with age. The assumptions should be
extended to allow the occurrence of TB cases more than once, that is recovered
individuals becoming susceptible again. This is because of the fact that HIV in-
fection has no cure, thus as long as an individual is HIV positive, he will remain
highly susceptible to TB infection even after successful treatment. Such models
can be used to identify the best strategies for the elimination of TB where HIV
infection rates are high. This is because HIV infection is the strongest risk factor
yet identified for progression to active TB and the infected individuals are highly

susceptible.
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Appendix

Matlab Programme for the basic TB transmission model

clear T = 10; h = 0.01;

Xu0 = 50000: Lu0 = 1000; Tu0 = 100:

pie = 0.2; mu = 0.013; beta = 0.005; p = 0.001; nu = 0.00527; muT = 0.461;
Xu(1) = Xu0; Lu(1) = Lu0; Tu(1) = Tu0;

t(1) = 0; n = T/h;

fori = 2m

k11 = h * (pie - mu * Xu0 - beta * Xu0 * Tu0);

k21 = h * (pie - mu * (Xu0+h/2) - beta * (Xu0+h/2) * (Tu0+k11/2));

k31 = h * (pie - mu * (Xu0+h/2) - beta*(Xu0+h/2)*(Tu0+k21/2));

k41 = h * (pie - mu *(Xu0 +h) - beta *(Xu0+h) *(Tu0+k31));

k12 = h* ((1-p)* beta * Xu0 * Tu0 - (mu +nu) * Lu0);

k22 = h * ((1-p) * beta *(Xu0+h/2)*(Tu0+k12/2) - (mu+nu)*(Lu0+h/2));

k32 = h * ((1-p) * beta * (Xu0+h/2) *(Tu0+k22/2)-(mu+nu)*(Lu0+h/2));

113



k42 = h * ((1-p) * beta®(Xu0+h) *(Tu0+k32) - (mu+nu)* (Lu0+h));

k13 = h*(p*beta*Xu0*Tu0 + nu*Lu0 - (mu+muT)*Tu0);

k23 = h*(p*beta®(Xu0+h/2)*(Tu0+k13/2) + nu*(Lu0+h/2) - (mu + muT)*(Tu0+k13/2));
k33 = h*(p*beta*(Xu0+h/2)*(Tu0+k23/2) + nu*(Lu0+h/2) - (mu + muT)*(Tu0+k23/2));
k43 = h*(p*beta*(Xu0+h)*(Tu0+k33) + nu*(Lu0+h) - (mu+muT)*(Tu0+k33));

t(1) = i*h; Xu(i) = Xu0 + 1/6*(k11 + 2*k21 + 2%k31 + k41);

Lu(i) = Lu0 + 1/6 *(k12 + 2°k22 + 2%k32 + k42);

Tu(i) = Tu0 + 1/6 *(k13 + 2%k23 + 2%k33 + kd3);

Xu0 = Xu(i); Lu0 = Lu(i); Tu0 = Tu(i);

end

figure(10) plot(t,Xu,’b’) title(’Susceptibles 1’)

figure(11) plot(t,Lu,’r’) title(’Latently Infected Individuals 17)

figure(12) plot(t,Tu,’g’) title(’Active TB Cases 17)

Programmes for the other model equations are similar. The only difference is

with the k’s, which will vary according to the equations.
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