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Abstract

In this thesis, we deal with bounds on distance measures, namely, degree distance,
radius, diameter and the leaf number, in terms of other graph parameters, such
as order and the three classical connectivity measures, minimum degree, vertex-
connectivity and edge-connectivity.

The thesis has six chapters. In Chapter 1, apart from defining the most important
terms used throughout the thesis, we give a motivation for our research and provide
background for relevant results. The practical importance of the distance measures
to be studied in the thesis is also given in this chapter.

Chapter 2 focuses on degree distance and minimum degree. Here, we give an

asymptotically sharp upper bound on the degree distance in terms of order, minimum

77,4

degree and diameter. As a corollary, we obtain the bound D'(G) < O] +0(n?)

on the degree distance D'(G) of a graph G of order n and minimum degree J.
This result apart from improving on a result of Dankelmann, Gutman, Mukwembi
and Swart [10] for graphs of given order and minimum degree, completely settles a
conjecture of Tomescu [57].

In Chapter 3, we deal with degree distance and vertex-connectivity. We give an
asymptotically sharp upper bound on the degree distance in terms of order, vertex-

connectivity, and diameter. As a corollary, we obtain the bound,

TL4

D'(G) < f%—O(n?’) on the degree distance in terms of order and vertex-connectivity.
K

We give examples to show that this bound of a graph G, for fixed vertex-connectivity,

vi



is asymptotically sharp.

Chapter 4 completes our study of degree distance, in relation to the three classical
connectivity measures, by looking at degree distance and edge-connectivity. In this
chapter, we give asymptotically tight upper bounds on degree distance in terms of
order and edge-connectivity.

Chapter 5 is a chapter in which we use techniques introduced in Chapter 3
to solve new problems on the size of a graph. Here, we give an asymptotically
sharp upper bound on size of a graph G, in terms of order, diameter and vertex-
connectivity. The result is a strengthening of an old classical theorem of Ore [49]
if vertex-connectivity is prescribed and constant. Using the same techniques, we
obtained an asymptotically tight upper bound on the size of a graph in terms of
order, radius and vertex-connectivity. The result is an improvement of Vizing’s
theorem [60] if vertex-connectivity is prescribed.

Finally, in Chapter 6, we discuss, radius, diameter and the leaf number. We give
tight upper bounds on the maximum radius and diameter of a graph G in terms of
minimum degree and the leaf number. We also give a tight lower bound on the radius
in terms of order, and the leaf number. Equivalently, our result provides a lower
bound on the leaf number of a graph in terms of minimum degree and diameter.
Moreover, we prove a lower bound on the leaf number which essentially solves a

conjecture of Linial reported in [17].
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0.1 Index for notation

G=(V.E)
deggv
dg(u,v)
rad(G)
diam(G)
diam(S)
1(G)

eca(v)
(N[e]) N(v)
Ns(v)

N;(v)

k;i(v)

Nei(v)
N>;(v)
(N[S))
N<i(5)

E(V1,Va)

S1\S2

AG)

k(G)

5]

G[9]

G1 U G;
Gi+Gy+- -+ Gy
Vil Vs

N

No

Z

N(S)

graph GG with vertex set V' and edge set F.

degree of a vertex v € V.

distance between u,v € V in G.

radius of G.

diameter of G.

max, yes dg(z,y), that is, diameter of S C V in G.
average distance of G

eccentricity of vertex v € V.

(closed) neighbourhood of vertex v € V.

set of neighbours of v in S or N(v) NS, S C V.
1-th distance layer of v.

cardinality of the i-th distance layer of v.
i-th neighbourhood of v, namely Up<;<;N;.
Uicj<era )V (V).

(closed) neighbourhood of subset S C V.

i-th neighbourhood of S C V, namely U,esN<;(v).
{zy e E(G) |z e Vi,y e VL}, Vi,V C V.

{r eS| x¢ S}

edge-connectivity of G.

vertex-connectivity of G.

cardinality of a set S.

subgraph induced by S in G, S C V.

union of graphs G and Gs.

sequential join of graphs G, Gs, - -+, Gg.

disjoint union of sets V4 and V5.

set of natural numbers.

N U {0}.

set of integers.



Chapter 1

Introduction and Preliminaries

1.1 Introduction

The purpose of this chapter is to define the most important terms that will be used in
this thesis and to present motivation for our study as well as provide relevant back-
ground. Terms not defined in this chapter will be defined in subsequent chapters,

as the need arises.

1.2 Graph Theory Terminology

A graph G = (V, E) consists of a finite nonempty set V' of elements called vertices
and a (possibly empty) set E of 2-element subsets of V' called edges. The number of
elements in V' is called the order and the number of elements in E is called the size
of G. If G has only one vertex, then we say G is trivial; otherwise, G is nontrivial.
Let e = {u,v} € E(G). Then we say u and v are adjacent, while e is incident with
u and v. We also say that e joins u and v. Instead of writing e = {u, v}, we often
write e = uv.

The degree deg v of a vertex v of GG is the number of edges incident with v. A

vertex of degree 1 is called an end-vertex. The minimum degree §(G) = 0 of G is



the minimum of the degrees of the vertices in G. The open neighbourhood N¢(v)
of a vertex v € V is the set of all vertices adjacent to v in G; while the closed
neighbourhood Ng|v] is the union of {v} and its neighbourhood.

A walk W in a graph G is an alternating sequence
W Vo, €1,V1,€2,V2, ", Upr_1,Ep, Up

of vertices and edges such that e; = v;_jv; for i = 1,2,... r. Since the vertices that
appear in a walk determine the edges in the walk, we can omit the edges in the
description of a walk, and denote the walk W by vgvivs - - - v,.. We call r the length
of W and say that W begins at vy and ends at v,.. If all the vertices of the walk are
different, then the walk is called a path. A path vovivs - - - v, that begins at vertex vy
and ends at vertex v, is called a vy — v, path. Let Q1 and (> be two vy — v, paths.
Then @ and @) are edge-disjoint if ()1 and ()2 have no edges in common, whereas
Q1 and Q9 are internally disjoint if V(Q1) NV (Q2) = {vo,v,}. A closed walk in
G is a walk of the form vgvivs - - - v, where vy = v,.. If all the vertices except vy of
a closed walk vgvivs - - - v, are different and r > 3, then the closed walk is called a
cycle of length r or simply an r-cycle. We say G is connected if every pair of vertices
is connected by a path. A tree is a connected graph with no cycles.

The edge-connectivity A\(G) = X\ of G is the minimum number of edges whose
deletion from G results in a disconnected or trivial graph. We say G is k-edge-
connected if G is connected and )\ > k.

The vertez-connectivity kK(G) = k of G is the minimum number of vertices whose
deletion from G results in a disconnected or trivial graph. We say G is k-vertex-
connected or simply k-connected if G is connected and x > k.

The lollipop L,, 4, also known as the kite, is obtained from a complete graph K,,_4

and a path P, by joining one of the end vertices of Py to all the vertices of K,,_g4.
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Let GG; and G5 be two vertex disjoint graphs. The union G7 U Gy of G and G4
is the graph with vertex set V(G1) UV (Gs) and edge set E(G1) U E(G3). The join
G1 4+ Go of Gy and Gy is the graph with vertex set V(G1) U V(G3) and edge set
E(G1)UE(Gy)U{uv | u € V(Gy),v € V(Gq)}. For k > 3 vertex disjoint graphs

G1,Gs, -+, Gy, the sequential join G + G + - - - + Gy, is the graph

(Gl + Gg) U (GQ + Gg) U---u (Gk:—l + Gk)

1.3 Distance Concepts

All graphs considered here and in the sequel are connected and nontrivial, unless
otherwise specified. Let G be a graph of order n with vertex set V. The distance
dg(u,v) = d(u,v) between two vertices u,v of G is the length of a shortest u — v
path in G. The diameter diam(G) of G is defined as the maximum value of dg(z, )
taken over all vertices x, y of G. The eccentricity exg(u) of a vertex u of G is defined
as the maximum distance between u and any other vertex in G. The radius rad(G)
of G is the minimum value of ex¢(u) taken over all vertices u of G. Every vertex of
G of minimum eccentricity is a centre verter of G. We say that G is a self-centred
graph if every vertex of GG is a centre vertex.

The average distance u(G) of G is defined as the average of the distances between

all unordered pairs of vertices, that is,

W= (3) X dotu

{up}CcV
The i-th distance layer N;(v) of a vertex v € V(G) is the set of vertices at
distance ¢ from v, that is,
Ni(v) ={z € V(G) | dg(z,v) = i}.

5



We sometimes simply write N; if v is understood. We denote the cardinality of /V;
by k;.

The Wiener index W (G) of a graph G is defined as the sum of distances between
all unordered pairs of vertices; that is

W(G)z% S dglu,v).

u,veV(G)

The degree distance D'(G) of G is defined as

Z (deg u + deg v)d(u,v),

{u,w}CV

where deg w is the degree of vertex w and d(u,v) denotes the distance between u
and v in G.

A subgraph H of G is said to be distance preserving from v in G if dg(v,u) =
de(v,u) for all uw € V(H) and H is isometric in G if dy(x,y) = dg(x,y) for all
x,y € V(H). For a positive integer k, a k-packing is a subset A C V(G) with

dg(a,b) > k for all a,b € A.

1.4 Literature Review

1.4.1 Motivation and Background

The purpose of this subsection is to give some motivation for our study and to

provide background for relevant results.

1.4.2 The degree distance

The degree distance, a Schultz-type molecular topological index and a variant of the
well-known and much studied Wiener index, seems to have been considered first by

Dobrynin and Kochetova [19] in 1994 and practically at the same time by Gutman
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[31], who introduced it as a kind of a vertex-valency-weighted sum of the distances
between all pairs of vertices in a graph. Gutman revealed that in the case of acyclic
structures, the index is closely related to the Wiener index and reflects precisely the
same structural features of a molecular graph as the Wiener index does.

However, somewhat before 1994, the degree distance was encountered in connec-
tion with certain chemical applications [41, 53]. After 1994, the degree distance was
investigated by several authors, for instance, I. Tomescu [57], A. 1. Tomescu [58], O.
Bucicovschi and S. M. Cioaba [3], P. Dankelmann, I. Gutman, S. Mukwembi and
H.C. Swart [10], and A. Ili¢, D. Stevanovi¢, L. Feng, G. Yu and P. Dankelmann
[36]. Sharp upper and lower bounds on the degree distance for trees of given order
were completely determined (see, for example a recent survey, [12]). For general
graphs, Dobrynin and Kochetova [19] conjectured that the largest degree distance
of all connected graphs of order n equals g‘—; + O(n?). This was refuted by Tomescu
[57], who showed that graphs consisting of two cliques of order approximately n/3
joined by a path on approximately n/3 vertices, have degree distance % + O(n?).

He then made the following attractive conjecture.

Conjecture 1.1 [57] Let G be a connected graph of order n. Then

Nine years after the announcement of this conjecture, Bucicovschi and Cioaba [3]
commented that Tomescu’s conjecture “seems difficult at present time.” In the
following year, Dankelmann, Gutman, Mukwembi and Swart [10] considered this
problem and though they came close to proving the conjecture, their proof was

inadequate to meet the O(n?) error term. They proved the following bound.



Theorem 1.2 [10] If G is a connected graph of order n, then

4

n
! < JE—
D (G) 57 —I—()(n

[SIEN

).

Recently the method developed in [10] was improved in [43] leading to a complete
solution of Tomescu’s conjecture.

Since the degree distance can be considered as a weighted version of the Wiener
index, comparisons between the two indices are inevitable. For trees of given or-
der, these two parameters actually determine each other: Klein, Mihali¢, Plavsic,
Trinajsti¢ [37] and also Gutman [31] showed that, for every tree T' of order n,
D'(T) = 4W(T) — n(n — 1), where W(G) = >y, 1oy d(u,v) is the Wiener index
of G. Since its introduction in the late 1940’s by the Chemist Harold Wiener in
an attempt to analyze the chemical properties of paraffins (alkanes) [61], the math-
ematical properties of the Wiener index were studied by several authors. One of
the oldest results on upper bounds of this quantity is that amongst all connected
graphs of given order, the path has the maximum Wiener index. For graphs of
given minimum degree, this result was improved independently by several authors,
for instance, Kouider and Winkler [39], Dankelmann and Entringer [9], who proved

the following bound.

Theorem 1.3 [9, 39] Let G be a graph of order n and minimum degree 6. Then

W(G) <

< m +0(n?),

and this bound is best possible.

In light of Theorem 1.3 and the fact that the degree distance can be considered
as a weighted version of the Wiener index, it is natural to ask for a best upper bound

on the degree distance of a connected graph of given order and minimum degree. In

8



this thesis, we obtain an asymptotically sharp upper bound on the degree distance
of a graph of given order and minimum degree. Our result, apart from being a
strengthening of Theorem 1.2, and a theorem in [43], confirms and improves on
Tomescu’s conjecture, Conjecture 1.1, if minimum degree is prescribed. Our method
is an improvement of the method initiated in [10].

We also give an asymptotically sharp upper bound on the degree distance in
terms of order, vertex-connectivity, and diameter, and asymptotically sharp upper

bounds on the degree distance and edge-connectivity.

The Diameter, Radius, Size and Leaf number

The diameter and radius, apart from being interesting graph theoretical parameters,
play an important role in analysing communication networks (see for example, [4]).
In such networks, the time delay or signal disgradation for sending a message from
one point to another is often proportional to the distance between the two points.
The diameter can be used to indicate the worst case performance.

The radius is an important measure of centrality. The central vertices in a
network are of particular interest because they can play the role of organizational
hubs. In networks, decision problems involving the optimal selection of one or more
sites to locate facilities centrally arise. The primary concern may be to choose a
location such that the travel time/distance from the central facility to a location
farthest away is as small as possible. The radius is a good measure that indicates
the travel time from a central facility to a location farthest away, if the best location
for the central facility is chosen.

Connectivity, on the other hand, is a key measure of network reliability; it is a

criterion for gauging the ability of a network to withstand failure of components [2].



Several bounds on the size of a graph in terms of other graph parameters, for
example, order and radius [15, 55, 60], order and degree set [59], and order and
domination number [8] have been investigated. An upper bound on the size of a
graph in terms of order and diameter was determined by Ore [49] as early as 1968.
Several authors [55, 59] have presented simple and short proofs to Ore’s theorem.
Recently Mukwembi [46] reported on asymptotically sharp upper bounds on the
size in terms of order, diameter and minimum degree, and in terms of order, radius
and minimum degree [47]. Extremal graphs presented are graphs of connectivity
1. Tt is therefore natural to ask whether better bounds can be found when vertex-
connecitvity is prescribed. In this thesis, we answer this question in the affirmative.

Several upper bounds on the radius and diameter in terms of other graph param-
eters, for example, order and minimum degree [24, 6, 7], order and size [49], order
and inverse degree [14, 23, 44], order, minimum degree and irregularity index [45],
independence number [26, 27, 25], order and vertex-connectivity [32, 33, 22, 34],
order and edge-connectivity [13] have been investigated.

One graph parameter which, to date, has not been related to the radius and
diameter is the leaf number. The leaf number, L(G), of G is defined as the maxi-
mum number of leaf vertices contained in a spanning tree of G. (a leaf is an end
vertex.) Apart from being an attractive graph parameter, the leaf number has many
practical applications, for instance, in network design, and particularly in wireless
ad hoc networks (see, for example [5, 16, 40, 52, 56]). As mentioned earlier on to
date neither upper bounds on radius and diameter in terms of the leaf number nor
lower bounds on the leaf number in terms of radius and diameter have been reported

on. In this thesis, we contribute towards filling this gap.
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We now turn to the leaf number as a parameter in its own right. Determining the
leaf number of a graph is known to be NP-hard (see, for example [17] and references
therein). It is therefore reasonable to ask for lower bounds on the leaf number in
terms of other graph parameters. Lower bounds on the leaf number in terms of
other parameters, for instance, order, independence number and maximum order
of a bipartite graph [16], order and size [17] have been investigated. However, the
first result on lower bounds seems to be a statement, without proof, by Storer [54]
that every connected cubic graph G with n vertices has L(G) > 7 + 2. Linial (see,
[17]) conjectured, more generally, that every connected graph G' with n vertices and

minimum degree ¢§ satisfies

(o)

-2
+1

L(G) > n + cs,

(=%

where ¢; is a constant depending only on 4. Several authors have researched on this
conjecture. Kleitman and West [39] introduced a heavy method, the dead leaves
approach, with which they gave a proof of Linial’s Conjecture for 6 = 3 with a best
possible ¢; = 2, and hence providing for the first time a rigorous proof to Storer’s
Theorem. Subsequently, Griggs and Wu [30], using the complicated dead leaves
approach, settled Linial’s Conjecture for 6 = 4 and 5. They proved the following

two theorems.
Theorem 1.4 If G is a connected simple graph with n vertices and minimum degree

at least 4, then L(G) > 2n + &. 0

Theorem 1.5 If G is a connected simple graph with n vertices and minimum degree

at least 5, then L(G) > 3n + 2. O

Linial’s Conjecture is still open for the case when ¢ > 6 whilst for ¢ sufficiently large

the conjecture was disproved by Alon (see, for example [51]).
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Further, in this thesis, using a technique developed by Dankelmann and Entringer
[9], we prove a lower bound on the leaf number of a graph of given order and
minimum degree. Our bound, for sufficiently large minimum degree, provides a very
short, simple and unified proof to Theorems 1.4 and 1.5.

We conclude this chapter by summarizing the proof techniques that are impor-
tant for this thesis.

Upper bounds on the diameter in terms of order and minimum degree have been
considered and rediscovered by numerous authors, for example, [24, 28, 42]. The
basic observation from which most of these bounds follow is simple. If we fix a
shortest path between two vertices u and v at maximum distance and if we then
consider the vertices on the path at distance 0, 3,6,9, ... on this path, then we obtain

b diam(QG)

out vertices whose closed neighbourhoods are pairwise disjoint. Hence,

diam(G 3
M(cs + 1), and so the diameter is at most 5 _:/1

However, an important technique of proving upper bounds on the radius for

approximately, n > + O(1).
connected graphs is to prove first that it holds for all trees, and then to make use of
the fact that the radius of a connected graph is not greater than the radius of any of
its spanning trees. This technique is less applicable for proving bounds on diameter
because every connected graph has a spanning tree that preserves the radius, but
not every connected graph has a spanning tree that preserves the diameter.
Finding bounds on the radius in terms of minimum degree is difficult. In [24]

the authors proved that for a graph G of order n and minimum degree § > 2 the

3(n —3)
200+ 1)

To prove this result, the technique is based on the observation that, given a

upper bound on the radius is + 5 and the bound is asymptotically sharp.

centre vertex v, there exist vertices w; at distance r or r — 1 from v,i = 1,2, and

12



shortest paths P; from v to w; with the following property: no vertex u, of P, shares

a neighbour with vertex uy of Py, unless u; or uy are very close to one of the vertices

rad(G . ,
vertices with

v,wy or we. Given P; and P,, one can find approximately 2

disjoint neighbourhoods by choosing every third vertex on P, and P,. This yields

approximately n > gmd(G)@ + 1), and the bound follows.

We use the methods above in proving parts of some of our results. However,
the methods described above and the results are inadequate to capture the effect of
vertex and edge- connectivity. In that case, we devise new techniques for handling
the two connectivity measures.

In this thesis, the standard method we use for finding upper bounds on the
degree distance D'(G) of a graph G is by grouping vertices into pairs {a, b} and

then bounding the contribution of each pair a,b to the degree distance.
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Chapter 2

Degree distance and minimum

degree

2.1 Introduction

The goal of this chapter is to find asymptotically sharp upper bounds on the degree
distance in terms of order and minimum degree. Due to the complexity of the
problem, we will first establish upper bounds on the degree distance in terms of
order, diameter and minimum degree. We will then deduce the results as corollaries.
Further, we construct graphs to show that the bounds are asymptotically sharp. Our
results, apart from improving on a result of Dankelmann et al [10], completely settle
a conjecture of Tomescu [57].

The notation that we use is as follows. For a vertex v of G, we denote by D(v)
the total distance or the status of v. That is, D(v) = >, ¢y () d(v, ). The quantity
deg vD(v) is denoted by D'(v). We denote the open neighbourhood of v by N(v),
ie, N(v) = {z € V(G) | d(xz,v) = 1}. The closed neighbourhood of v in G, i.e.,
N(v)U{v}, is denoted by N[v]. Here and in the sequel, we assume that the minimum

degree 9 is fixed.
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The useful equation

was first observed by Tomescu [57].

2.2 Results

We begin by presenting a very simple, but handy, observation.

Fact 2.1 Let G be a connected graph of order n, diameter d and minimum degree

0. If v € V(G), then d < ﬁ(n— deg v) + 6.

Proof of Fact 2.1: Assume that v € V(G) and let P : vy, vy,...,v4 be a diametric
path of G. Let S := {vg41 | i = 0,1,...,[5*]}. For each z € S, choose any 0
neighbours xq,xs,...,zs of x and denote the set {z,x1,2s,..., 25} by Mlz]. Let
M = UzesM|[z]. Then |M| = (§ + 1)([%] + 1). Note that by the construction

of S, N[v] N M has at most 20 + 1 vertices. Hence
d—1 d
n > |M|+|N[v]|-|MNN[v]| > (5+1)(LTJ+1)+deg v+1—(264+1) > (5+1)§—|—deg v—20,

and rearranging the terms completes the proof. O

Often, we will use the following simple and straightforward result or its variation.

Proposition 2.1 Let G be a connected graph of order n, diameter d and fized min-

imum degree 8. If v € V(G), then D(v) < d(n — (6 4 1) — deg v) 4+ O(n).

Proof: Denote the eccentricity of v by e. For all i = 1,2,...,¢e, let N; := {z €
V(G) | d(v,z) = i} and |N;| = k;. Note that if z € N;, i = 2,3,...,e — 1, then

N[I] Q Ni—l U Nz U Ni+1 so that

kit 4 ki + kiy1 >0+ 1.

15



Clearly,

D(v) = 1ky + 2ky + - - - + ek.. (2.1)

We look at three cases separately.

Case 1: e =0 mod 3. Subject to

ki =deg v, k; >1fori=2,3,..., ¢,
and

ko+ks+ks>0+1, kst+ket+hkr>0+1,...  keeatkesg+keog>0+1,
(2.1) is maximized for
ki =degv, ke=1=k;s, ky=0—1Lks=1=ke, by =0—1,... key =1 =ke_3,
keo=10—1, ke_lzlandke:n—degv—%(e—3)(5+1)—1—1.
This gives
D(v) < degv+2+3+40—-1)+5+64+7(0—1)4+---
+ (e—4)+(e—3)+(e—2)(5—1)+(e—1)+e(n—degv—%(e—3)(5+1)—2)

e
= e(n—g(é—i—l)—deg v>+0(n).
If e=d— ¢, where c € {0,1,...,5}, then

D(v) < (d—c) <n _ %(5 £ 1) — deg v) +O(m) = d (n _ g@ +1) — deg v) +OMm).

as desired. So assume that e < d — 6. The function f(e) = e (n — £(6 4 1) — deg v)

is increasing in e for all e < 5 (n —deg v). Note from Fact 2.1 that d — 6 <

521 (n — deg v). Hence D(v) < f(d—6) = d (n — (5 + 1) — deg v) +O(n), and the

proposition is proven for this case. This completes Case 1.

The other cases, i.e., e =1 mod 3 and e = 2 mod 3, are treated similarly. O
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Theorem 2.1 Let G be a connected graph of order n, diameter d and fixed minimum

degree 6. Then

Lin (n — 26 +1))" + O(n?) if d < 25,

D'(G) <

O+ 1) (n =50+ 1)) +00°) if d> 57y

Moreover, this inequality is asymptotically tight.

Proof: Let P : vg,vq,...,vq be a diametric path of G and let S C V(P) be the set

—1
S = {U3i+1¢i:071a27---7LLJ}

3
For each v € S, choose any ¢ neighbours uq,us,...,us of v and denote the set
{v,uy,u9,...,us} by Mv]. Let M = UyesM]v]. Then |M| = (6 + 1)(L%J +1).
Claim 1

> D'(u) <O(n).

ueM
Proof of Claim 1: Let Sy C S be the set Sy = {v; € S :j = 1 mod 6}. Let
Sy = S — S;. Then for u,v € S;, w # v, we have M[u] N M[v] = 0 and the

neighbourhoods of M|u] and M|v] are also disjoint. Write the elements of S; as

Sy = {wi,wa, ..., ws,}. For each w; € S, let Mw;] = {wj,ul,uj, ..., ul}, where

u{, ug, e ,ug are neighbours of w;. Then

n > (degwy + 1) + (degwy + 1) 4 - - - + (degwys,| + 1)
and fort =1,2,...,0

n > (degu} + 1) + (degu? + 1) + - - - + (deg u)™' + 1).

Summing, we get

G+Dn> Y degz+(3+1)S],

zEM[S1]

17



where M[S1] = >, M|u].
Similarly,
G+Dn> Y degz+(3+1)|S].

TEM|S]

Thus

20+ 1)n > Z degx + Z degz + (6 +1)|95]

z€M[S1] TEM[Ss]
d—1
= Z degz + Z degz + (0 +1) LTJ—Fl .
z€M[S1] TEM[S2]

Hence
d—1
Z degx + Z degzr < 2(5+1)n—(5—|—1)<LTJ+1)

d—1

= (0+1) (Qn— LTJ —1).
Now for u € V(G), since D(u) < (n —1)d < (n — 1), it follows that

ZD’(U) = ZdegvD(v)

veEM veEM
= Z degvD(v) + Z degvD(v)
veEM[S1] vEM(S2]

< (n—1)? Z degv + Z degv

veEM|[S1] vEM([Ss]

d—1
< (n—1)20+1) (Qn — LTJ — 1>
= O,
as required and so Claim 1 is proven.

Let C be a maximum set of disjoint pairs of vertices from V — M which lie

at a distance at least 3, i.e., if {a,b} € C, then d(a,b) > 3. If {a,b} € C, then

18



we say a and b are partners. Finally, let K be the remaining vertices of G, i.e.,

K=V -M-{x: z€{ab}eC}. Let|K|=kFk, and |C|=c. Then

n:(5+1)<L%J+1)+2c+k. (2.2)

Fact 2.2 Let {a,b} € C. Then dega+ degb <n — (54 1)+ O(1).

Proof of Fact 2.2: Note that N[a] N N[b] = (), since d(a,b) > 3. Also, each of the

two vertices can be adjacent to at most 20 + 1 vertices on M. Thus,

n > dega+1+degb+ 1+ |M|—2(25+1)

d—1
= dega+degh+ (5 +1)(|—] +1) -4

and rearranging the terms completes the proof of Fact 2.2.
Now consider two cases.
Case 1: k < 1.

Forz € K, D(z) < (n—1)%s0 D'(z) < (n—1)% Thus Y} _, D'(z) = O(n?).

Claim 2 If {a,b} € C, then D'(a) + D'(b) < idn (n— 4(0 + 1)) + O(n?).

Proof of Claim 2: By Proposition 2.1, D(a) < d <n — g((S +1) — deg a) +O0(n). It
d

follows that D’(a) < dega (d (n — 6(5 +1) — deg a)) + O(n?).

d
Similarly, D'(b) < degb (d <n — 6 (04 1) —deg b)) . Thus,

D'(a)+ D'(b) < dega <d (n— g(5+1 dega)) +degb( (n— g(5+ 1) —degb)) +0(n?)
= d ((dega+degb) (n ——(6+1) ) ((dega)? (degb)2)> + O(n?)
=

< d ((dega—l—degb) (n— —(0+1 — (dega + degb) ) +0(n?).
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Denote dega + degb by x and let f(x) =d (:p (n — %(5 + 1)) — %x2) Then by Fact

22, x <n— g(é + 1)+ O(1). A simple differentiation shows that f is increasing
for all 2 < n—¢(6+1). Hence f attains its maximum for z = n — g(é +1)+0(1),
to give
/ / d
D'(a)+ D'(b) < f (n—g(é—l—l)—l—O(l))

= Lan (oo 00

and Claim 2 is proven.
From (2.2), we have ¢ = 1 (n— (6 + 1) (|%*] + 1) — k). Since k < 1, we have

¢=1(n—%(6+41)) 4+ O(1). This, in conjunction with Claim 2, yields

S (D) + D) < (%dn <n - g((s + 1)) 4 O(n2))

{ab}eC
_ (% (n ~ L6+ 1)) " 0(1)) (%dn (n ~L6+ 1)) - O(n2>)

1

— dn (n - g(é + 1))2 +0(n?).

Hence

D(G) = > (D()+D®B)+> D)+ Y D)

{a,b}eC zeK veEM
1 d ?
< Zdn (n - 5(5 + 1)) +0(n®) + O(n®) + O(n?).
Note that, if d > 2(63—711— Ty then 1dn (n — 4(6 + 1))2 < ad*6+1)(n—400+ 1))2,

and so the theorem is proved for Case 1.
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Case 2: k > 2.
Now the pairs of vertices in C will be partitioned further. Fix a vertex x € K. For
each pair {a,b} € C, choose a vertex closer to x; if d(a,z) = d(b, x), then arbitrarily
choose one of the vertices. Let A be the set of all these vertices closer to =, and
B be the set of partners of these vertices in A, so |A| = |B| = ¢. Furthermore, let
A1(By) be the set of vertices w € A(B) whose partner is at a distance at most 9

from w. Let ¢; = |[Ay] = |By|.
Claim 3 For all u,v € AUK, d(u,v) <8.

Proof of Claim 3: Since C is a maximum set of pairs of vertices of distance at least 3,
any two vertices of K must be at a distance of at most 2. We show that d(a,z) < 4
for all @ € A. Suppose, to the contrary, that there exists a vertex a € A for which
d(a,z) > 5. Let b be the partner of a. By definition of A, d(x,b) > 5. Now

consider another vertex 2’ € K, x # 2’. Since d(x,z’) < 2, we have
5<db,x)<dbx)+dx ") <db ) +2

which implies d(b,2’) > 3. This contradicts the maximality of C since {a,b} will
be replaced by {a,z} and {b,2'}. Hence d(a,x) < 4, for each a € A. Thus for

u,v €A, d(u,v) < d(u,x)+d(z,v) <8.

Claim 4 For all x € K,

D’(:c)gd(n—g(éJrl)—c) (n—c—cl—k—g(éJrl)) L O(n?).

Proof of Claim 4: By Claim 3, all ¢ + k vertices in A U K lie within a distance of

8 from each vertex x € K. This implies that all the ¢; vertices in B; lie within a
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distance of 9 + 8 from x. Thus, as in Proposition 2.1,
D(z) < 8(c+k)+17¢; +184+194+20(6 —1)+21+22+23(0 —1)+---

+ d(n—c—k—cl—g(5+1))

— d(n—c—cl—k—g(5+1))+0(n).

In order to find a bound on the degree of x, we use a counting argument. Note
that x can have at most 20 + 1 neighbours in M. By definition of A and B, x cannot
be adjacent to two vertices, w and z, where w € A is a partner of z € B, since

d(w, z) > 3. Thus, z is adjacent to at most ¢ vertices in AU B. It follows that
n > degx+ |M|—(25+1)+|AUB|—c

= degz+ (6+1) (L%J +1) —(20+1)+c
= deg:}c+g(5+1)+c+0(1).

Hence degz < n — g(é + 1) — ¢+ O(1). Therefore,
D'(x) = degxD(x)
d d 5
< d n—§(5+1)—c n—c—cl—k—6(5+1) + O(n?),

and this proves Claim 4.

We now turn to finding an upper bound on the contribution of the pairs in C to
the degree distance. We abuse notation and write {a,b} € A; U By if a and b are
partners, i.e., {a,b} € C, with a € A; and b € B;. Note that

Y. D@+D'®) = Y (D(a)+D'(b)+ > (D'(a)+D'(b)).
{ab}eC {a,b}eA1UB; {a,b}e(A—A,)U(B—B))

We first consider the set A; U B;.
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Claim 5 Let {a,b} € C. Ifd(a,b) <9, i.e., if {a,b} € Ay U By, then

D'(a)+ D'(h) < d (n - §<5+ 1)) (n e — ki g(5+ 1)) +O(n?).

Proof of Claim 5: We first show that any two vertices in A U K U By lie within a
distance of 26 from each other. By Claim 3, any two vertices in A U K lie within a
distance of 8 from each other. Now assume that b,v € By, and let a and u be the
partners of b and v in Ay, respectively. Then d(b,v) < d(b,a) + d(a,u) + d(u,v) <
9+ 8+ 9 = 26. Thus any two vertices in B; are within a distance of 26 from each
other. Now let a € AU K and b € By, and let u be the partner of b in A; C A.
Then d(a,b) < d(a,u)+d(u,b) < 8+9 < 26. Hence any two vertices in AU K U By
lie within a distance of 26 from each other.

Now let w € A; U B;. Since w is in AU K U By, all the ¢+ k + ¢; — 1 vertices in

AU K U B lie within a distance of 26 from w. It follows, as in Proposition 2.1, that

D(w) < 26(c+k+c;—1)+27 4284296 — 1) 4+ 30 + 31 +32(6 — 1) +-- -

+d<n—c—cl—k—g(5+1)>
d
= d(n—c—cl—k—g(cS—i—l))—i-O(n).
Thus, if {a, b} is a pair in A; U By, then
/ / d
D'(a)+ D'(b) < dega(d(n—c—cl—k—g(5+1)>—I—O(n))
d
+ degb(d(n—c—cl—k—g(éJrl))+O(n))

~ (aega+degt) (4 (n-c—ei— k= 56+ 1) +000) ).
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By Fact 2.2, dega + degb < n — £(6 + 1) + O(1). Therefore,

D'(a)+ D'(b) < @f§w+n+0ﬂ0<dQ%ﬂ—q—k—g®+D)+Om0
= d(n—g((S—i—l)) (n—c—cl—k—g(5+1))+0(n2),

and Claim 5 is proven.

Now consider pairs {a, b} of vertices in C which are not in A; U B;.

Claim 6 Let {a,b} € C. Ifd(a,b) > 10, i.e., if {a,b} € (A— A;) U (B — By), then
D'(a)+D'(b) < d(c+k) (n —c—c —k— %1(5 + 1)) +cd (n - %l(é +1)— c) +0(n?).

Proof of Claim 6: We consider vertices from A — A; and from B — B; separately.
Let a € A — A;. Then as in Claim 5, all the ¢ + k — 1 vertices in AU K lie at a
distance of 8 from a and all the ¢; vertices in B; lie within a distance of 9 +8 = 17

from a. Thus, as in Proposition 2.1,

D(a) < 8(c+k—1)4+17c; +18+19+20(0 — 1) +21+224+23(0 — 1)+ ---

+ d(n—c—cl—k—g((S—i-l))
_ dew—q—k—g®+D>+Om)

We now find a bound on the degree of a. By definition of C, the vertex a cannot
be adjacent to both w and u, where w € A is a partner of v € B, since d(w,u) > 3.

Hence a is adjacent to at most ¢ — 1 vertices in AU B. Further, a is adjacent to at

most 20 + 1 vertices in M and has at most k neighbours in K. Thus,

dega<c—1+20+1+k=c+20+k.
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It follows that
D'(a) = (dega)D(a)
< (c+k+29) <d(n—c—01 —k—g(5+1)) +O(n2))
d 2

= d(c+k) n—c—cl—k—6(5+1) + O(n?). (2.3)

Now let b € B — B;. By Proposition 2.1, we have
d
D(b) <d (n — 6(5+ 1) — degb) + O(n),

and so

D'(b) < degb (d <n — g(a +1) — deg b)> + O(n?). (2.4)

d
We first maximize deg b <d (n — 6(6 + 1) —deg b)) with respect to degb. Let

1w (a(n- ) -2)).

where © = degb. A simple differentiation shows that f is increasing for = <

1 d
5 (n — 6<5+ 1)) We find an upper bound on x, i.e., on degb. Note that as

above, b can be adjacent to at most ¢ — 1 vertices in AU B, and has at most 26 + 1
neighbours in M. We show that b cannot be adjacent to any vertex in K. Suppose,
to the contrary, that y € K and d(b,y) = 1. Recall that a is the partner of b and
d(a,b) > 10. By Claim 3, d(a,y) < 8. Hence 10 < d(a,b) < d(b,y)+d(y,a) < 1+38,

a contradiction. Thus, b cannot be adjacent to any vertex in K. We conclude that

degb<c—1420+1=c+ 20.
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We look at two cases separately. First assume that degb = ¢ + j, where ;7 €

{1,2,...,20}. Then

f(degb) = f(c+))

- (c+j)<d(n—g(5+1)—(c+j)>>
= «d (n—g(5+1)—c> + O(n?). (2.5)

Second, assume that degb < c. From (2.2), the fact that £ > 2 and [5*] +1 > ¢,

<n—(5+1)<L%J+1>—k) < (n—§(5+1)—2>.
(n—g(5+1)),

we have

N —
N | —

CcC =

Notice that

N | —

(n—§(5+1)—2) <

and so f is increasing in [1, ¢|. Therefore,

| —

f(degb) < f(c) = cd (n— g(5+ 1) — c> :

for this case. Comparing this with (2.5), we get that

d

f(degb) < cd (n - 5<5 +1) — c) + O(n?).

Thus, from (2.4), we have
/ d 2
D'(b) < cd (n—6(5+1)—0) + O(n®).
Combining this with (2.3), we get

D'(a)+D'(b) < d(c+k) (n —c—c— k- g(d + 1)) “+ed (n — %l(d +1)— c) +0(n?),
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and Claim 6 is proven.

Using Claims 1, 4, 5, and 6 we bound D'(G) as follows. Note that

D(G) = Y Dw+Y D)+ Y (D'a)+Db)

ueM zeK {a,b}eC

IN

dk(n—g(5+1)—c> <n—c—cl—k—g(5—0—1)>

Y T YR}

+ (c—a) (d(c+k) (n—c—cl—k—g(éJrl)) —|—cd<n—g((5—|—1)—c)) +O(n?)

_ dk(n—g(éJrl)—c) <n—c—cl—k—g(5+l)>

Y T YR )

+ d(e— ) ((c+k) (n—c—k—g(5+1)> —cl(c—i—k)—i—c(n—g(d—l—l)—c)) +O(n?)

For easy calculation in maximizing this term, we note that ¢ — c¢; > 0, and that by

d
(22),n—c—k— 6(5 + 1) > 0. Hence the last term in the previous inequalities

dlc— ) ((c+k) (n—c—k—g((SJrl)) —cl(c+k)+c(n—%l(5+1)—c>>

1S at most

d(c—c) ((c+k+1) (n—c—k—g((5+1)> —cl(c—i—k)—i—c(n—g(é—l—l)—c)).
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It follows that

D'(G) < dk(n—g(5+1)—c) (n—c—cl—k—g((S—l—l))

P CTCR R R

d
+ d(c—cy) ((c+k‘+1) (n—c—k—6(5+1)) —ci(c+ k)
d 3
+ c n—g(é—i-l)—c +0(n?).
Let g(n,d, c,c¢) be the function

g(n,d,c,c;) = dk (n—§(5+1)—c> (n—c—cl—l{:—g(é—i—l))

+ o (d(n—%((ﬂl)) (n—c—cl—k—g(5+1)))

+ d(c— ) ((c+k;+1) (n—c—k—g(5+1)) —ci(c+k)

+ c(n—g(5+1)—c>>.

We first maximize g subject to cq, keeping the other variables fixed. It is easy to

verify, using (2.2), that the derivative

j_(f’l:—dk (n—g(5+1)) —dc(n—g<5+1)—2c+cl) —d(c+g(5+1))
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is negative. Therefore, g is decreasing in ¢;. Thus, in conjunction with (2.2), we

have

g(”v d7 ¢, Cl) S g(na du C, 0)

(o Ko=) (nmemi o)
Faefierian (nmemi=dean)ee(n o -))
Y (R AT Y (P (T W TP
N (S T Y CH (R T IR}
#de(e(n- S0 -c) ) + 00
- d( S en-2) (n-26en-e) (cr 56 +1)
((n_-(s+ —c+1)(c+g(5+1))>
O TN
o] (G (R N S ) R O ERe ) R

A simple differentiation with respect to ¢ shows that the function

<n—g(6+1)—c)2(c+g(5+1))+c2(n—g(5+1)—c>,

3n
when d > m, is decreasing over the domain of ¢, and hence it is maximized
at ¢ = 0. Thus,

<n — g(5+ 1) — 0)2 (c+ Cé(5+ 1)>+c2 <n — g(5+ 1) — c) < (n - g(d - 1))2 %(5+1).
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3n

Hence when d > 26 +1)

d2

D'(G) < g(n,d,0) + O(n*) = =

(5+U(n—g®+102+0m%,

as desired. If d < %, then

<n—g(5+l)—c)2(c+g(5—l—1)) 4 (n—g(é—l—l)—c)

attains its maximum for ¢ = 3 (n — (6 + 1)) to give

<n—g(5+1)—0)2 (c+g(5+1))+62 <n—g(5+1)—c) <7 (n—g(5+1)>2.
Hence
g(n,d,c,cr) < idn (n _ g(a + 1))2 + O,
and 0

D'(G) < g(n,d,c,c;) + O(n?) < idn (n - g(é + 1)) + 0(n?),

and Case 2 of Theorem 2.1 is proven.
3n
2(0+1)

3
graph L, 45, asymptotically meets the bound. For d < 2(6—11), consider the graph

Gn,ds, d = 1 mod 3, constructed as follows. First, let H be the graph with diameter

To see that the bound is asymptotically sharp, for d > , the lollipop

d — 2 obtained as follows: V(H) =V,UV; U---UV,_y, where

Vil = 1 if =0 or 2 mod 3,
"] 6—1 otherwise

and two distinct vertices v € V;, v € Vj are joined by an edge if and only if [j—i| < 1.

Let the only vertex in V) be vy and the only vertex in V;_5 be v4 5. Now let H;
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be the complete graph on [3(n — 3(d — 1)(0 4 1))] vertices and Hy the complete
graph on |3(n — 5(d —1)(6 + 1))] vertices. The graph G, 45 is obtained by joining
the vertex vy in H to every vertex in H; and joining the vertex v,_o in H to every
vertex in Hy. Then G, 45 has diameter d, minimum degree 0 and degree distance
at least tdn (n — 4(0 + 1))2, as desired. 0

Finally, the result below gives a strengthening of the bound in [10] and settles

completely a conjecture of Tomescu [57].

Corollary 2.2 Let G be a connected graph of order n and minimum degree d. Then

Moreover for a fized 0, this inequality is asymptotically tight.

3n

Proof: Let d be the diameter of G. By the theorem above, for d > 20G+1)

éf@+4xn—§@+my

reaches its maximum value for d = 26 +1) to give
3n? n*
D'(G)= ———+0((n*) < On?).
@) =551y O =55 T O

3
Ifd < —n’ then the term idn (n — %(5 + 1))2 is maximized, with respect to d,

2(0+1)
for d = 515, to give
1 d 2 n?
- ~ZB+1)) < .
im(” 50+ O =90+ 1)

Hence D'(G) < 9(<?—i1) + O(n?), as desired.
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To see that the bound is asymptotically best possible consider the graph G, 45

constructed above. Note that

D' (G 21 6) > SRS

as claimed. O
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Chapter 3

Degree distance and

vertex-connectivity

3.1 Introduction

In the previous chapter we improved the upper bound in Conjecture 1.1 for graphs

with fixed minimum degree. Precisely, we proved the following bound.

Theorem 3.1 [48] Let G be a connected graph of order n and minimum degree 0.

Then

D'(G) < TEESY +0(nd).

The bound in Theorem 3.1 was shown to be asymptotically sharp for a fixed d; the
extremal graph being of vertex-connectivity 1. It is therefore natural to ask if the

bound

4
n
(G> =9

st 0(n?), (3.1)

which follows from Theorem 3.1 by applying the inequality x < ¢, can be improved.

In this chapter, we improve the bound, (3.1). Precisely, we prove that D'(G) <

n4

>7r + O(n®). We give examples to show that this bound, for a fixed &, is asymp-
K

totically sharp.
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Recall the useful equation

3.2 Results

Let G be a finite connected graph of order n and diameter d. From now on-wards

vo € V(G) is a fixed vertex of eccentricity d and for each i = 0,1,2,3,...,d,
N; :={z € V(G)|dg(x,v) = i}.
We begin by presenting a very simple, but important observation.

Fact 3.1 Let G be a connected graph of order n, diameter d and vertez-connectivity

k. If v € V(G), then

d< l(n —deg v) + O(1).

=

Proof of Fact 3.1: Let v € V(G). Then v € N; for some i, and so N(v) C N;_q U

N; U N;y1. Thus, since |N;| > s forall i =1,2,...,d — 1, we have

no 2 |U§;%Nj|+degUH{U}IHU?:HQNH
> degv+1+k(d—4)+2

1
Hence, d < —(n — deg v) + O(1), as required. O

=

We will need the following useful result.

Proposition 3.1 Let G be a connected graph of order n, diameter d and vertex-

connectwity k. If v € V(G), then

D(v) < d(n— gd — deg v) + O(n).
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Proof: Let v € V(G) and let e be its eccentricity. Thus,

Dw) < degv+kr(24+3+...4+e—1)+e(n—r(e—2)—degv—1)

e(e+1)

= degv+m( —2)+e(n—/<;e—degv+2/f—l)

= e <n— ge—deg v) + O(n).

Now consider f(x) := z(n— F;—I — deg v), where x = e. The function f is increasing

—_

on the interval [1, —(n — deg v)]. Using Fact 3.1 and 1 < e < d, we consider two

=

1 d
cases. First if d < —(n — deg v), then D(v) < f(d)+0O(n) <d (n — % — deg v) +

x

O(n). Secondly if d = %(n —deg v) + O(1), then f < f (%(n — deg v)) = f(d —
O(1)). But
f(d=0(1) = (d=0(1) (n-5(d-0(1) - deg v) + O(n)

= d(n— gd—deg v> + O(n).

d
Hence, in both cases D(v) < d (n - % — deg v) + O(n), as required. O

Proving an upper bound on degree distance in terms of order and vertex-connectivity
is quite challenging. We will develop further the technique introduced in [10], which
was refined in [43], to adequately capture the effect of vertex-connectivity on the
degree distance. The diameter plays a crucial role and provides us with the following

intermediate result.

Theorem 3.2 Let G be a connected graph of order n, diameter d > 2 and fixed
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vertex-connectivity k. Then

rdn(n — kd)2+0(n3)  ifd < X

2K

o~

D'(@) <
kld(n — kd)]* +0(n®) if d > 3.

2
Moreover, this inequality is asymptotically sharp.
Proof. Assume the notation for vy and N; as above. Note that |N;| > &, for all
1=1,2,...,d—1. Foreach N;, i =1,2,...,d—1, choose any k vertices and let this
set be {w;1, uio, ..., i}t Foreach j =1,2,... K, let Pj:= {uy;, ugj, usj, ..., Ug—1;}

Claim 7 Let N be as above. Then

> D'(u) <O(n?).

ueN

Proof of Claim 7: Note that

d Dw)y=> D'+ Y D+...+ Y Dfu).

ueN ue Py uE Py u€ Py

For a fixed j, let P; = Uy; UUy; U Usyj, where Uy, Uyj and Us; are defined as follows:
Uoj = {usj, ugj, uoj, . . .},
Uyj = {wj, ugj, uzj, . . .},
Usj = {ug;, usj, usj, . . .}

For each x,y € U;; with x # y, i =0, 1,2, since d(z,y) > 3, we have N(z) N N(y) =

(. It follows that Z deg x <n for i =0,1,2. From Proposition 3.1,
€Uy

D(x) < d(n-— gd —deg ) + O(n)
= O(n?).
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Thus,

IEPJ' :L‘EP]
= Z deg xD(x) + Z deg xD(x) + Z deg xD(x)
:EGU()J xEUlj xEUzj

IN
2
3l\')
]
o,
0
5
_I_
(]
(oW
08
5
+
]
(oW
0
5

I
=
S
T
w
=

Hence,

Y D) = Y D+ > Dw+...+> Du)

ueN ue Py ue Py u€ Py

IA
X

S
S

=

as required and Claim 7 is proven.

Let C be a maximum set of disjoint pairs of vertices from V — N which lie
at a distance at least 3, i.e., if {a,b} € C, then d(a,b) > 3. If {a,b} € C we
say that a and b are partners. Finally, let H be the remaining vertices of G, i.e.,

H=V —-N—{z: 2z €{a,b} €C}. Let |H| = h, and |C| = ¢. Then

n=rk(d—1) 4 2c+ h. (3.2)

Fact 3.2 Let {a,b} € C. Then dega+ degb <n — rd+ O(1).

Proof of Fact 3.2: Note that since d(a,b) > 3, N[a] N N[b] = (). Also, each of the
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two vertices, a and b, can be adjacent to at most 3x vertices in N. Thus,

n 2> |Nla]| +[N[o]] + |N]

> dega+1+degb+ 1+ (d— 1)k — 6k,

and rearranging the terms completes the proof of Fact 3.2.
Now consider two cases.
CAsE 1: h <1.

For x € H, D(z) < (n—1)d, so D'(z) < degxz(n — 1)d. Thus > __, D'(x)

IN

zeH

1-deg z(n — 1)d = O(n?).
Claim 8 If {a,b} € C, then D'(a) + D'(b) < 2dn(n — kd) + O(n?).
Proof of Claim 8: By Proposition 3.1, D(a) < d (n — gd — deg a) + O(n). Hence,
K
/ < Vg 2
D'(a) < dega (d (n 2d dega>> + O(n®).
Similarly, D'(b) < degb (d (n - gd ~ deg b)) +O(n?). Thus,

D'(a) + D'(b) < dega (d <n . gd _dega ) +degh (d <n - gd _ deg b)) +O(n?)

= d ((dega + deg b) (n — gd) — ((dega)® + (deg b)2)> + O(n?)

< d ((dega—l—degb <n— gd) — = (dega + degb) > + O(n?).

Let x = dega + degb and let f(z) := d( (n — —d) — %xQ) Then by Fact 3.2,
r < n—rd+ O(1). A simple differentiation shows that f is increasing for all

r <n— &d. Hence f attains its maximum for x = n — xd + O(1). Thus,
D'(a)+ D'(b) < f(n—rd+O(1))
1
= idn (n — kd) + O(n?),
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and Claim 8 is proven.
From (3.2), we have ¢ = 5 (n—x(d—1) —h). Hence, since h < 1, we have

¢ = 3 (n— rd) + O(1). This, in conjunction with Claim 8, yields

> (D'(a)+D'(b) < ¢ (%dn (n — rd) + O(n2))

{ab}eC
— (% (n — kd) + 0(1)) Gdn (n — kd) + O(n2))
_ idn (n — rd)? +O(n).

Hence,

D(G) = > (D(@+D®)+> D@+ D(v)

{a,b}eC xeH veEN
< idn (n — kd)® + O(n®) + O(n®) + O(n?)
— 1 2 3
= Zdn (n — kd)” 4+ O(n°).

Note that, when d > 2=, then 1dn (n — kd)> 4+ O(n?) < 2k (d(n — kd))? +O(n?) and
so the theorem is proved for Case 1.

CASE 2: h > 2. Now the pairs of vertices in C will be partitioned further. Fix a
vertex z € H. For each pair {a, b} € C, choose a vertex closer to z; if d(a, z) = d(b, 2),
arbitrarily choose one of the vertices. Let A be the set of all these vertices closer to
z, and B be the set of partners of these vertices in A, so |A| = |B| = ¢. Furthermore,
let A1(B1) be the set of vertices w € A(B) whose partner is at a distance at most 9

from w. Let ¢; = |A{| = | By].
Claim 9 For allu,v € AU H, d(u,v) < 8.

Proof of Claim 9: Since C is a maximum set of pairs of vertices of distance at

least 3, any two vertices of H must be at a distance of at most 2. We show that
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d(a,z) < 4 for all a € A. Suppose, to the contrary, that there exists a vertex
a € A for which d(a,z) > 5. Let b be the partner of a. By definition of A,
d(z,b) > 5. Now consider another vertex 2’ € H, z # 2. Since d(z,2') < 2 we
have 5 < d(b,z) < d(b,2') + d(z,2") < d(b,2") + 2 which implies d(b, 2") > 3. This
contradicts the maximality of C since {a, b} will be replaced by {a, z} and {b, 2'}.
Hence d(a, z) < 4, for each a € A. Thus for u,v € A, d(u,v) < d(u,z)+d(z,v) < 8.
Claim 10 For allz € H,

D'(z) <d(n—krd—c) (n—c—cl —h— gd) + O(n?).
Proof of Claim 10: By Claim 9, all ¢ 4+ h vertices in A U H lie within a distance of
8 from each vertex x € H. This implies that all the ¢; vertices in B; lie within a
distance of 9 + 8 from x. Thus, as in Proposition 3.1,
D(z) < 8(c+h)+17c; +k(18+19+20+---+d—1)+ d(n—c—h—c; — k(d—18))
= d(n—c—cl—h—gd> + O(n?).

In order to find a bound on the degree of x, we use a counting argument. Note
that = can have at most 3x neighbours in N. By definition of A and B, x cannot
be adjacent to two vertices, w and t, where w € A is a partner of t € B, since
d(w,t) > 3. Thus, z is adjacent to at most ¢ vertices in AU B. It follows that

n > degx+1+|N|—3k+c
= degx+1+k(d—1)—3k+c
= degz+ rd+c+ O(1).
Hence degz < n — kd — ¢+ O(1). Therefore,
D'(x) = degxD(x)
< d(n—kd-—c) (n—c—cl—h—gd> +O(n?),
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and this proves Claim 10.

We now turn to finding an upper bound on the contribution of the pairs in C to
the degree distance. We abuse notation and write {a,b} € A; U By if a and b are
partners, i.e., {a,b} € C, with a € Ay and b € B;. Note that

Y D(@+D'b)= Y  (D'(@+D'®)+ > (D'(a)+D'(b)).

{a,b}eC {a,b}€A1UB; {a,b}e(A—A1)U(B—Bi)

We first consider the set A; U Bj.
Claim 11 Let {a,b} € C. If d(a,b) <9, i.e., if {a,b} € A1 U By, then
! / K 2
D'(a) + D'(b) < d(n — kd) (n—c—cl—h—§d> + O(n®).

Proof of Claim 11: We first show that any two vertices in AU H U By lie within a
distance of 26 from each other. By Claim 9, any two vertices in AU H lie within a
distance of 8 from each other. Now assume that b,v € Bj, and let a and u be the
partners of b and v in Ay, respectively. Then d(b,v) < d(b,a) + d(a,u) + d(u,v) <
9+ 849 = 26. Thus any two vertices in B; are within a distance of 26 from each
other. Now let « € AU H and b € By, and let u be the partner of b in A; C A.
Then d(a,b) < d(a,u) + d(u,b) < 8+9 < 26. Hence any two vertices in AUH U B,
lie within a distance of 26 from each other.

Now let w € A; U By. Since w is in AU H U By, all the ¢+ h + ¢; — 1 vertices in

AU H U By lie within a distance of 26 from w. It follows, as in Proposition 3.1, that

D(w) < 26(c+h+c—1)+r27T+28+---+d—1)
+ d(n—c—c; —h—r(d—27))

= d(n—c—cl—h—gd>+0(n).
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Thus, if {a, b} is a pair in A; U By, then
K
/ / < _ _ _ _
D'(a)+ D'(b) < dega (d <n c—c1—h 2d> +O(n)>

+ degb(d(n—c—cl—h—gd>—i—O(n))

= (dega+ degb) (d (n—C—C1—h—gd> +O(”>>‘

By Fact 3.2, dega + degb < n — kd + O(1). Therefore,

D'(a)+D'(b) < (n—rd+O(1)) <d (n Ce—e—h— gd) + O(n))

= d(n— kd) (n—c—cl—h—gd)-l-O(nQ),

and Claim 11 is proven.

Now consider pairs {a, b} of vertices in C which are not in A; U B;.
Claim 12 Let {a,b} € C. Ifd(a,b) > 10, i.e., if {a,b} € (A— A1) U(B — By), then
D'(a)+ D'(b) < d(c+ h) (n—c—cl —h— gd) +cd (n— gd—c) + O(n?).

Proof of Claim 12: We consider vertices from A — A; and from B — B; separately.
Let a € A — A;. Then as in Claim 11, all the ¢ + h — 1 vertices in AU H lie at a
distance of 8 from a and all the ¢; vertices in By lie within a distance of 9 +8 = 17

from a. Thus, as in Proposition 3.1,

D(a) < 8(c+h—1)+17c; + k(18 +19+---+d —1)
+ d(n—c—ci—h—r(d—18))

= d<n—c—cl—h—gd>+0(n).

We now find a bound on the degree of a. By definition of C, a cannot be adjacent

to both w and u, where w € A is a partner of u € B, since d(w,u) > 3. Hence a
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is adjacent to at most ¢ — 1 vertices in A U B. Further, a is adjacent to at most 3x

vertices in /N and has at most h neighbours in H. Thus,
dega<c—14+3k+h=c+h+3x—-1
It follows that
D'(a) = degaD(a)

< (e+h+3k—1) (d(n—c—cl—h—gd> +O(n2)>

= d(c+h) <n—c—cl—h—gd> + O(n?). (3.3)
Now let b € B — B;. By Proposition 3.1, we have

D(b) < d (n - gd — deg b) +O(n),
and so
D'(b) < degb (d (n . gd ~ deg b)) +O(n?). (3.4)

We first maximize degb (d (n — gd — deg b)) with respect to degb. Let

f(z) :::c(d (n—%d—x)),

where z = degb. A simple differentiation shows that f is increasing for z <
% <n — gd) We find an upper bound on z, i.e., on degb. Note that as above,
b can be adjacent to at most ¢ — 1 vertices in A U B, and has at most 3x neigh-
bours in N. We show that b cannot be adjacent to any vertex in H. Suppose to
the contrary that s € H and d(b,s) = 1. Recall that a is the partner of b and
d(a,b) > 10. By Claim 9, d(a, s) < 8. Hence 10 < d(a,b) < d(b,s) +d(s,a) < 1+38,

a contradiction. Thus, b cannot be adjacent to any vertex in H. We conclude that

degb<c—1+3k=c+3rk—1.
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We look at two cases separately. First assume that degb = ¢ + j, where ;7 €

{1,...,3x — 1}. Then
f(degb) = f(c+7)
. K .
= (c+7) (d <n— §d— (c+j)))
_ _ g 2
= cod (n 2d c) + O(n%). (3.5)
Second, assume that degb < ¢. From (3.2) and the fact that d > 2, we have

1 1 K
< Z _
—2<" 2d>’

c:E(n—/ﬁd—h)—i-

| X

and so f is increasing in [1, ¢|. Therefore,
f(degh) < f(c) = cd (n—Zd—c),
for this case. Comparing this with (3.5), we get that
f(degb) < cd <n - c) + 0(n?).
2
Thus, from (3.4), we have
/ K 2
< —Zd— .
D'(b) _cd(n 2d c> + O(n?)
Combining this with (3.3), we get
D'(a) + D'(b) < d(c+h) (n—c—q —h-— gd) +cd (n— gd—c) + O(n?),

and Claim 12 is proven.
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Using Claims 7, 10, 11, and 12 we have

D(G) = Y D+)Y D)+ Y (D'(a)+ D))

ueN zeH {a,b}eC

< dh(n—&d—c)(n—c—cl—h—gco

+ (d(n—/fd) (n—c—cl—h—gd>>

+ (c—¢) (d(c—l—h) <n—c—cl—h—gd>+cd<n—gd—c))—|—0(n3)

= dh(n—md—c)(n—c—cl—h—gd>

+ <d(n—md) <n—c—cl—h—gd>>

+ d(c—c) <(c+h) <n—c—h—gd> —cl(c+h)+c<n—gd—c)> +0(n?).

For easy calculation in maximizing this term, we note that ¢ — ¢; > 0, and that by
K
(3.2),n—c—h—§d20.

Hence the last term in the previous inequalities
K K
d(c—c1) ((c~|—h) (n—c—h— §d) —ci(c+h) +c<n— §d_0>>
is at most
K K
d(c—c1) ((c+h+1) (n—c—h— §d) —cl(c+h)—|—c<n— 5d—c>>.
It follows that

D'(G) < dh(n—kd—c) (n—c—cl—h—gd>

+ <d(n—lid) <n—c—cl—h—gd>>

+ d(c— ) <(c—|—h—|—1) (n—c—h—%d) —ca(c+h)

+ c(n— gd—c)> +O(n).
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Since « is a fixed constant, the expression

dh(n — kd — ¢) (n—c—cl—h—gd>

+ a (d(n—/ﬁd) (n—c—cl—h—gd>)

+ d(c—c) ((c+h+1) (n—c—h—%d) —ca(c+h)

+ c<n—gd—c))

is at most
dh (n — r(d—1) — ¢) (n—c—cl—h—gd>
+ oo (d(n—/{(d—l)) <n—c—cl—h—gd>>
+ d(c—a) ((c+h+1) (n—c—h—gd) —ei(c+h)
+ e(n—5d—c))+0@m);
hence,

D'(G) < dh(n—k(d—1)—2c¢) (n—c—cl—h—gd>

+ a (d(n—/i(d—l)) (n—c—cl—h—gd))

+ d(c— ) ((c—l—h—l—l) (n—c—h—%d) —ca(c+h)

+ c(n— gd—c>) +O(n?).

Let g(n,d,c,c;) be the function

g(n,d,c,cq) = dh(n—/ﬁ(d—l)—c)(n—c—cl—h—gd>
+ d(n—m(d—l))[cl<n—c—cl—h—gd>}

+ d(c— ) [(c+h~|—1) (n—c—h—/jd> —ci(c+h)

+ c(n—gd—cﬂ.
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We first maximize g subject to c;, keeping the other variables fixed.

Note that the derivative

dg
dCl

= —dh(n—r(d—1))+ dhc

+ d(n—r(d—1)) [n—c—?cl—h—gd}

—d [(c+h+1) <n—c—h—gd>+ c(n—gd—c>+(c—2cl)(c+h) .

From (3.2), h = n—k(d—1) —2c. Using this, and the equation n —k(d—1) = h+ 2,

we get, after simplification,

dg _

dCl

kd
d(h+c)2—dc(h+201)—d(n—c—h—7).

Note that since d > 2, we have

n—c—h—El:n—c—[n—/ﬁ(d—l)—%]—/%d:c+k3<g—1> > 0,

and so the derivative

2

99 is negative. Therefore, g is decreasing in ¢;. Thus, in

deq

conjunction with (3.2), we have

g(n7 d7 C, Cl)

<

g(n,d,c,0)
dh (n — kd — ¢) (n—c—h—%d)
+ dc((c+h+1) (n—c—h—gd>+c<n—gd—c>>

d<(n— kd — ¢)? <c+ gd) +c? <n— gd—c)> +0(n?).

A simple differentiation with respect to ¢ shows that the function

6(c)

~kd — )2 r 2 Fa
(n—krd—c) (c+2d>+c (n 2d c)

1
(2kd — n)c® + (n — rd)(n — 2kd)c + E/id(n — kd)?
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has a critical value ¢ = 1 (n — kd) . Recall that h > 2 and from (3.2),

1
gi(n—ﬁd)+g—1:c*.

1
c:§(n—/ﬁd—h)+

| X

Hence we obtain the domain of ¢, 0 < ¢ < ¢*. Now we look at two cases.

SUBCASE A: 2kd —n < 0. Then the coefficient of ¢? in 6 is negative. If on one hand

1
k =1, then 3 (n — kd) is outside the domain of c. But the function 6 is increasing

1
for ¢ < §(n — kd) and so

O(c) <0 (1 (n — kd) — %) = %ln (n — kd)* + O(n?).

If on the other hand x > 2, then § attains its maximum for ¢ = 3 (n — kd) to give

n 2

w@ge(%m—mﬁ)zzxn—mn

Hence, in both cases, 0(c) < %(n — kd)? + O(n?) to give
1 9 3
g(n,d,c,c1) < Zdn (n—kd)"+O(n),

and so

D'(G) < g(n,d,c,c;)+O(n?)

IN

%dn(n — rkd)? + O(n?).

n
SUBCASE B: d > 2 Then the coefficient of ¢ in 6 is non-negative. Thus, @ is
K

decreasing over the domain of ¢, so it is maximised at ¢ = 0, and hence 0(c) <

1
6(0) = §/<ad(n — kd)?. Tt follows that

D/(G) < 5 (n = rd)* + O(n),
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and the bound in Theorem 3.2 is proven.

To see that the bound is asymptotically sharp, when d < 22, consider the graph
K

Gn,d,,{:G0+G1+"'+GdWhGI‘GG0:Gd:Kl ,andGi:Kn
5 (n = wd)]
for i =1,2,3,---,d — 1. Then G, 4, has diameter d, vertex-connectivity , and

degree distance at least }ldn (n— lid)Q. For d > ;, consider the graph G, 4, =
K

Go+Gi+...+Gq where G; = K, fori =0,1,2,...,d—1 and Gy = K,,_.q. O

Finally, the result below gives a strengthening of the bound in [10] and also

settles completely a conjecture of Tomescu [57].

Corollary 3.3 Let G be a connected graph of order m and vertez-connectivity k.

Then

n4

D'(G) < 7 T O(n?).

Moreover, this inequality is asymptotically sharp.

Proof: Let d be the diameter of G. By the theorem above,

tdn(n — kd)? +0(n®) ifd< X

W~

D'(G) <
kld(n — kd)]* +O(n?) ifd> 2.

1
2

The term dn (n — Hd)2 is maximized, with respect to d, for d = 3-, to give

1 2
s — <
4dn (n—krd)” < T

4

Hence D'(G) < 277,? + O(n®) when d < % Ifd > %, then the term ng (n — kd)?

is maximized, with respect to d, for d = 23, to give
K
K n* n*
~d*(n— kd)® < —— < —.
& (= rd) < o < ok
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4

Therefore, in both cases, D'(G) < % 4+ O(n?), as desired.
K
To see that the bound is asymptotically best possible, consider the graph G, 4.

constructed above for the case d < QE, with d = 3£ Note that
K K

D/(Gn n K) > —

'3k

as claimed. O
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Chapter 4

Degree distance and

edge-connectivity

4.1 Introduction

In Chapter 2 we showed that

+0(n?), (4.1)

where 0 is the minimum degree of G. Moreover, for a fixed §, the inequality is
asymptotically sharp. In Chapter 3, we continued this study and improved the
upper bound (4.1) for graphs with fixed vertex-connectivity. Precisely, we proved
the asymptotically tight upper bound:

D'(G) < g T O(n?), (4.2)

for a k-connected graph G of order n. The two bounds, (4.1) and (4.2), solve
completely the problem of bounding degree distance in terms of order and two
classical connectivity measures, namely, minimum degree, and vertex-connectivity.
In this chapter, we are concerned with finding upper bounds on degree distance in

terms order and the third connectivity measure, edge-connectivity.
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For A > 8, the bound is a direct consequence of (4.1) while the cases A < 7 are
more complicated. Thus for A > 8, an application of the inequality, 6 > A, to (4.1)

yields the following proposition.

Proposition 4.1 Let G be a \-edge-connected graph, X > 8, of order n. Then

4
n
D' <

m + O(TL3)

Moreover, for a fixed X\, this inequality is asymptotically sharp.

The problem to get better upper bounds of the degree distance in terms of order
and edge-connectivity A\, where 2 < X\ < 7, turns out to be harder and requires some
additional ideas apart from the standard method of treating degree distance that
was introduced in [10]. We will therefore consider this problem separately as the
subject of this chapter. Thus here we completely solve the problem of relating degree
distance to order and each of the three classical connectivity measures, namely,

minimum degree, vertex-connectivity and edge-connectivity.

4.2 Results

We first illustrate that the bound presented in Proposition 4.1 is, for a fixed A,

asymptotically sharp. For positive integers n, A and k£ with £ = 1 mod 3, con-

sider the graph G, z\ = G1 + G2 + - - - + G}, where G = Kl—l(n_(k72)(z\+l))-|, Gy =
2 3

Ktl(ni(k—2)(k+1))J7 G2 = K)\ = Gk,1 and for 3 S ) S k — 2,
2 3

K% if A=2 mod 3,
G, = K% fori=0,2 mod 3 and K§+1 fori=1 mod 3 ifA=0 mod 3,
K2 fori=0,2 mod 3 and K% fori=1 mod 3 if A\=1 mod 3.

3
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n4

Then D'(Gppn) = m + O(n?), when k = w1 + O(1), confirming that the

bound presented in Proposition 4.1 is, for a fixed A, asymptotically sharp.

The following discussion is useful in this chapter:

Discussion 1 Let G be a graph, Vi, Vo C V(G) with ViNVa = 0. Clearly, |E(V1, Va)| <
\Vi||Va|. If E(V1,V3) is a disconnecting set of G, then |E(Vy,Va)| > AMG) so that

IVi[Va| > MG). Let v € V(G). Then kikiyx > X for alli=1,2,... ecq(v) — 1.

The following lemma follows from ab < (“TJ“”)2 In other words, the geometric

mean of two (positive) real numbers never exceeds their arithmetic mean.

Lemma 4.1 For positive integers a and b,
(a) ab > 2 implies that a + b > 3.
(b) ab > 3 implies that a +b > 4.
(c) ab > 4 implies that a +b > 4.
(d) ab > 5 implies that a + b > 5.
(e) ab > 6 implies that a +b > 5.

(f) ab > 7 implies that a + b > 6.
We now present a very simple, but important observation.

Fact 4.1 Let G be a 2-edge-connected graph of order n and diameter d. Ifv € V(G),
then

4
d < (n—degv)—l—g.

Wl N
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Proof of Fact 4.1: Let vy be a vertex of G of eccentricity d and let N; = N;(vg). Let
v € V(G). Then v € N; for some ¢ € {0,1,2,...,d}. Thus, N(v) C N;oy UN;UN;44

and recall by Lemma 4.1 (a) that |N; U Njq| >3 forall j =1,2,...,d — 1. Hence,

n > |UZGN;| + deg v+ 1+ U2l

d—2
> degv+1+3(T)

> degv—l—;d—z

2 4
Hence, d < §(n — deg v) + 3 38 required. O

We will need the following useful result.

Proposition 4.2 Let G be a 2-edge-connected graph of order n and diameter d. If
v € V(Q), then

D(v) <d(n— zd —deg v) + O(n).

Proof: Let v € V(G), denote the eccentricity of v by e. For all i = 1,2,,... e, let
N; = N;(v) and |V;| = k;. Clearly, k; = deg v. Since G is 2-edge-connected, then for

alli=1,2,...,e — 1, k;k;;1 > 2 and thus by Lemma 4.1 (a), k; + k;11 > 3. Hence,

D(U) = 1k1+2]€2+"'+€]€e

(degv+2-1+43-24 -4 (e—2)-1+(e—1)-2
+e(n —3e —deg v+2) + O(n) if e is even,

4

<
degv+2-14+3-24+---+(e—2)-2+(e—1)-1
| +e(n—3e—degv+3)+0(n) if eisodd,
3
< e(n——e—deg v) + O(n).
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3

27 —deg v), where x = e. The function f is increasing

Now consider f(x) := z(n —

2
on [1, g(n — deg v)} Using Fact 4.1 and 1 < e < d, we consider two cases. First if

d < =(n—deg v), then D(v) < f(d)+O(n) =d (n — 3d — deg v) + O(n). Secondly,

GV )

2 4 2
if by Fact 4.1, d = g(n—deg v)+c, where 0 < ¢ < 3’ then f < f (§(n — deg v)) =

f(d—c). But
3
fld=¢) = (d—¢) (n—z(d—c) — deg v>
3
= d (n— z_ld_ deg v) + O(n).
Hence, in both cases D(v) < d (n - %d — deg v) + O(n), as required. O

The standard technique of dealing with bounding degree distance presented
in [10] does not account for the relationship between degree distance and edge-
connectivity. In the next theorem, we will refine the vertex partitions used in [10] to
adequately account for edge-connectivity. Once again, the diameter plays a crucial

role and provides us with the following intermediate result.

Theorem 4.2 Let G be a 2-edge-connected graph of order n and diameter d. Then

Tdn(n—3d)*+0(n®) ifd<

w3

D'(G) <
3d(n—3d)?+0(n®) ifd>

w3

Moreover, this inequality is asymptotically sharp.

Proof: Let vy be a vertex of G of eccentricity d and let N; = N;(vg). Recall that

|NjUNj+1’ Z 3 for allj = 0, ]_,2, Ce ,d—l For each set Bz S {N()UNl,NQUN3,N4U
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N5, ...} choose any three elements u;1, us, u;3 € B; and denote the set {w;1, w2, iz}

[T

by A, i=1,2,...,[ZL]. Let N:=U,_? A,
Claim 13 Let N be as above. Then

> D'(u) <O(n?).

ueN

Proof of Claim 13: Partition N as N = U, UUs U - - - U Uy, where
Ui = {u11, a1, ur1, - . .},

Us = {u1a, Uz, Ura, - . .},
Us = {u13, U3, Uz, . . .},
Uy = {U21,U51,U817 . -},
Us = {ua2, usz, Usa, - - -},
Us = {u23, us3, Ugs, - - -},
Uz = {us1, ug1, tor, - - -},
Us = {usz, ug2, ugy, - - -},
Ug = {uss, ugs, gs, - - .}

Then,

> D'(w)y=> D'+ > D'w)+...+ Y D'(u).

ueN uely ueUsz u€ Ny
For each z,y € U;, i = 1,2,...,9, since d(x,y) > 5 we have N(z) N N(y) = (. It
follows that Z deg x <n fori=1,2,...,9. From Proposition 4.2,

zeU;

D(x)

IA

d (n - gd— deg x) +0(n)
= O(n?).
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Thus,

IA
S
3l\D
/\_/\
(]
o
03
IS
+
(]
o
08
IS
+
+
(]
o
03
N

A
2
S

v
‘©
=

and Claim 13 is proven.

From here on-wards we partition the remaining vertices of G analogously to the
standard partitioning developed in [10]. Let C be a maximum set of disjoint pairs
of vertices from V' — N which lie at a distance at least 3, i.e., if {a,b} € C, then
d(a,b) > 3. If {a,b} € C we say a and b are partners. Finally, let K be the remaining
vertices of G, i.e., K =V — N —{x: x € {a,b} € C}. Let |K| =k, and |C| = c.
Then

d+1
n = 3[%-‘ +2c+ k. (4.3)

Fact 4.2 Let {a,b} € C. Then dega + degb < n— 3d+ O(1).

Proof of Fact 4.2: Note that, since d(a,b) > 3, N[a] N N[b] = 0. Also, each of the

two vertices, a and b, can be adjacent to at most 9 vertices in N. Thus,

n > dega+1+degb+1+|N|—18

3 3
> dega+degb+§d+§—16

= dega+degb+ gd+ 0(1),

and rearranging the terms completes the proof of Fact 4.2.
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Now consider two cases.
CastE 1: k < 1. Forz € K, D(x) < (n—1)? so D'(z) < (n—1)3 Thus

Ywer D'(x) = O(n?).

Claim 14 If {a,b} € C, then D'(a) + D'(b) < idn(n — 2d) + O(n?).

3
Proof of Claim 14: By Proposition 4.2, D(a) < d (n — Zd — deg a) + O(n). Hence,

D'(a) < dega (d <n — %d — deg a)) + O(n?).
Similarly, D'(b) < degb (d (n — —d deg b)) + O(n?). Thus,

D'(a)+D'(bh) < dega<d(n——d deg a >+degb( (n—§d degb)>+0( 2y

= d((dega—l—degb ( —%z) ((dega)? (degb)2)>+0(n2)

3

< d ((dega+degb (n— é_ld) — — (dega + degb) ) + O(n?).

Let © = dega + degb and let f(z) := d(z (n— 2d) — $2%). Then by Fact 4.2,

3
r < n-— §d + O(1). A simple differentiation shows that f is increasing for all

x < n— 3d. Hence, f attains its maximum for = n — gd + O(1). Thus,
/ !/ 3
D'(a)+ D'(b) < f(n—§d+0(1)>
1
= §dn (n — ;d)) + O(n?),

and Claim 14 is proven.
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From (4.3), we have ¢ = 1 (n —3[%] — k). Hence since k < 1, we have ¢ =

(n — %d) + O(1). This, in conjunction with Claim 14, yields

N |—

> (D(a)+D'®h) < ¢ (%dn <n - gd) + O(n2))

{ab}eC
_ G (n _ gd) + 0(1)) (%dn (n _ gd) + O(n2))

Hence,

D(G) = > (Da)+D®)+> D)+ D)

{a,b}eC zeK ueN

1 2

< Zdn (n - gd) +0(n*) + O(n®) + O(n?)
1 3\’ 3

= Zldn (n—§d) + O(n?),

which establishes the bound in the theorem for CASE 1 and for d < %. For d > %,

1
an(n — §d)2 <

3
2/ 9 no 3
5 d*(n 2d) +O(n?),

A~ w

and so the theorem is proved for CASE 1.

CASE 2: k > 2. Now the pairs of vertices in C will be partitioned further. Fix a
vertex z € K. For each pair {a, b} € C, choose a vertex closer to z; if d(a, z) = d(b, z)
arbitrarily choose one of the vertices. Let A be the set of all these vertices closer to
z, and B be the set of partners of these vertices in A, so |A| = |B| = ¢. Furthermore,
let A;(B1) be the set of vertices w € A(B) whose partner is at a distance at most 9

from w. Let ¢; = |A{| = | By].

Claim 15 For all u,v € AU K, d(u,v) < 8.
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Proof of Claim 15: Since C is a maximum set of pairs of vertices of distance at
least 3, any two vertices of K must be at a distance of at most 2. We show that
d(a,z) < 4 for all @ € A. Suppose, to the contrary, that there exists a vertex
a € A for which d(a,z) > 5. Let b be the partner of a. By definition of A,
d(z,b) > 5. Now consider another vertex 2’ € K, =z # 2. Since d(z,2") < 2 we
have 5 < d(b,z) < d(b,2") + d(z,2") < d(b,2') + 2 which implies d(b, z’) > 3. This
contradicts the maximality of C since {a, b} will be replaced by {a, z} and {b, 2'}.
Hence d(a, z) < 4, for each a € A. Thus for u,v € A, d(u,v) < d(u,z)+d(z,v) <

8.

Claim 16 For allx € K,

D’(x)gd(n—;d—c) (n—c—cl—k—2d>+0(n2).

Proof of Claim 16: By Claim 15, all ¢ + k vertices in AU K lie within a distance of
8 from each vertex x € K. This implies that all the ¢; vertices in B; lie within a
distance of 9 + 8 from x. Thus, as in Proposition 4.2,

[ 8(c+k)+17¢;+1842-19+20+---+d—1
+d(n—c—cl—k—gd) if dis odd,

8(c+k)+17c; +184+2-19+20+---+2(d— 1)
\+d(n—c—cl—k—%d) if d is even,

= d(n—c—cl—k—Zd)+O(n2).

In order to find a bound on the degree of x we use a counting argument. Note
that x can have at most 9 neighbours in N. By definition of A and B, x cannot

be adjacent to two vertices, w and z, where w € A is a partner of z € B since
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d(w,z) > 3. Thus, z is adjacent to at most ¢ vertices in AU B. It follows that

n > degx+ |N|—9+|AUB|—¢

3 3
= d —d+ = — .
egx—l—Q +2 9+c

3 15
Hence degz < n — §d —c+ 5 Therefore,
D'(z) = degxzD(x)

< d(n—%d—c) <n—c—cl—k—%d>+0(n2),

and this proves Claim 16.

We now turn to finding an upper bound on the contribution of the pairs in C to
the degree distance. We abuse notation and write {a,b} € A; U By if a and b are

partners, i.e., {a,b} € C, with a € A; and b € B;. Note that

Y. D@+D)= Y (D'(a)+D'(h)+ > (D'(a)+D'(b)).

{a7b}EC {a,b}eA1UB1 {a,b}E(A—A1)U(B—Bl)

We first consider the set A; U Bj.

Claim 17 Let {a,b} € C. If d(a,b) <9, i.e., if {a,b} € Ay U By, then

D'(a)+ D'(b) < d (n - gd) (n e—e— k- Zd) +O@m).

Proof of Claim 17: We first show that any two vertices in AU K U B lie within a
distance of 26 from each other. By Claim 15, any two vertices in A U K lie within
a distance of 8 from each other. Now assume that b,v € By, and let @ and u be the
partners of b and v in Ay, respectively. Then d(b,v) < d(b,a) + d(a,u) + d(u,v) <

94849 = 26. Thus any two vertices in B; are within a distance of 26 from each
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other. Now let a € AU K and b € By, and let u be the partner of b in A; C A.
Then d(a,b) < d(a,u) + d(u,b) < 8+9 < 26. Hence any two vertices in AU K U By
lie within a distance of 26 from each other.

Now let w € A; U B;. Since w is in AUY U By, all the ¢+ k + ¢; — 1 vertices in

AU K U By lie within a distance of 26 from w. It follows, as in Proposition 4.2, that

[ 26(c+k+c —1)+27+2-284---+d—1

+d(n—c—cl—k—gd) if d is even,

26(c+k+c—1)+274+2-284---+2(d—1)

+d(n—c—cl—k—gd) if dis odd,

= d(n—c—cl—k—%d) + O(n).
Thus, if {a, b} is a pair in A; U By, then

D'(a) + D'(h) < dega (d (n Ce—e—k— Zd) + O(n)>

et (4 (e - 2a) s o)
= (dega + degb) (d (n—c—q — k- %d) —|—O(n2)) ,

By Fact 4.2, dega + degb < n — 2d + O(1). Therefore,

D'(a)+ D'(b) < (n - gd + O(l)) <d (n —c—c—k— Zd) + 0(n2)>

= d(n—;d) (n—c—cl—k‘—Zd)—i—O(nz),

and Claim 17 is proven.

Now consider pairs {a, b} of vertices in C which are not in A; U B;.
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Claim 18 Let {a,b} € C. Ifd(a,b) > 10, i.e., if {a,b} € (A— A;)U(B — By), then

D'(a) + D'(b) < d(c+ k) <n—c—c1 —k— id) + cd (n— %d—c) + O(n?).

Proof of Claim 18: We consider vertices from A — A; and from B — B; separately.
Let a € A — A;. Then as in Claim 17, all the ¢ + k — 1 vertices in AU K lie at a
distance of 8 from a and all the ¢; vertices in B; lie within a distance of 9 +8 = 17
from a. Thus, as in Proposition 4.2,

8(c+k—1)+17c1 +18+2-19+20+2-21+---+d—1
+d(n—c—cl—k—%d) if dis odd,

8(c+k—1)+17¢; +184+2-194+204+2-214---+2(d—1)
—l—d(n—c—cl—k‘—%d) if d is even,

\

= d(n—c—cl—k—gd>+0(n).

We now find a bound on the degree of a. By definition of C, a cannot be adjacent
to both w and w, where w € A is a partner of u € B since d(w,u) > 3. Hence a
is adjacent to at most ¢ — 1 vertices in A U B. Further, a is adjacent to at most 9

vertices in N and has at most £ neighbours in K. Thus,
dega<c—14+9+k=c+k+8.
It follows that
D'(a) = degaD(a)
3
< (ec+k+38) (d (n—c—cl—k:—zd) +O(n))

— dlc+ k) (n—c—q . %d) +O(n2). (4.4)

63



Now let b € B — B;. By Proposition 4.2, we have
3
D(b) <d (n — Zd - degb) + O(n),

and so

D'(b) < degb (d (n - Zd _ deg b)) +0m?). (4.5)

3
We first maximize degb (d (n — Zd — deg b)) with respect to degb. Let

f(x) ::x(d <n—%d—x>)7

where = degb. A simple differentiation shows that f is increasing for z <

1 3
3 (n — Zd) We find an upper bound on z, i.e., on degb. Note that as above,

b can be adjacent to at most ¢— 1 vertices in AU B, and has at most 9 neighbours in
N. We show that b cannot be adjacent to any vertex in /K. Suppose to the contrary
that y € K and d(b,y) = 1. Recall that a is the partner of b and d(a,b) > 10. By
Claim 15, d(a,y) < 8. Hence 10 < d(a,b) < d(b,y)+d(y,a) < 148, a contradiction.

Thus, b cannot be adjacent to any vertex in K. We conclude that

degb<c—14+9=c+8.
We look at two cases separately. First assume that degb = ¢+ 8. Then

f(degb) = flc+38)
3
= (c+38) <d (n— Zld_ (c+8)))
3 2

= o n—zld—c + O(n%). (4.6)

Second, assume that degb < ¢. From (4.3) and the fact that & > 2, we have

1 3 3 1 3 7
< — —_—d - - — 1) < = — —d--=.
0_2(n 2d 5 k>+0( )_2<n 2d 2)
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Notice that

and so f is increasing in [1, ¢|. Therefore,
3
f(degb) < f(c) =cd <n - Zd_ c) ,
for this case. Comparing this with (4.6), we get that
3 2
f(degb) <ecd|n— Zd_ c |+ O(n?).
Thus, from (4.5), we have
! 3 2
D'(b) Scd(n—zd—c) + O(n®).
Combining this with (4.4), we get
! / 3 3 2
D'(a) + D'(b) < d(c+ k) n—c—cl—k—zd +cd n—zd—c + O(n?),

and Claim 18 is proven.
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Using Claims 13, 16, 17, and 18 we have

D(G) = > D+Y D)+ Y (D'(a)+ D)

ueEN zeK {a,b}eC

< dk(n—;d—c) (n—c—cl—k:—%d>

+ oo (d(n—gd) (n—c—cl—k—2d>)

+ (c—a) <d(c+k:) (n—c—cl—k—%d>+cd(n—%d—0)) +O(n?)
_ dk(n—;d—c) (n—c—cl—k—2d>

+ oo (d(n—gd> <n—c—cl—k—§ld))

+ dle—e) ((c+k) (n—c—k—%d) —cl(c+k‘)+c(n—§d—c)> + O,

For easy calculation in maximizing this term, we note that ¢ — ¢; > 0, and that by

3
(43),n—c—k— Zd > 0. Hence the last term in the previous inequalities

d(c— o) ((c+k) (n—c—k—%d) —cl(c+k)+c(n—§d—c))

1S at most

d(c—c1) ((c+k+4) <n—c—k—§ld> —cl(c—i-k)—l—c(n—zd—c)).
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It follows that

D'(G) < dk(n—gd—c) (n—c—cl—k—2d>

)

+dle— ) ((c+k+4) <n—c—k—gd> — e+ k)

+ c(n— Zd—c)) + O(n?).

Let g(n,d,c,c;) be the function

g(n,d,c,cl) = dk (n—gd—c) (n—c—@—k—%d)

)

+dle—e) ((c+l<:+4) (n—c—k—§d) — (e + k)

#en=Fa-c)).

We first maximize g subject to ¢, keeping the other variables fixed. We show that

the derivative of g with respect to c¢; is negative. Note that the derivative is
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dg 3 3 3
—cld(n—§d>
2
3 3

—d [(c+k+4) (n—c—k—zd) —cl(c+k)+c<n—1d—c>}

—d(c—c1)(c+ k)

B (n—gd—c) —cld(n—gd)
_d [(c+k+4) (n—c—k—%d) +c(n—§d—c)]

+ad(c+ k) —d(c—c1)(c+ k)
(0= 30) (- cmer i 2a)

= —dk (n—§d—c) —cid [n—ii—c—k}
2 2

d {(c+k+4) (n—c—k—%d)%—c(n—%d—c)}

—d(c—c1)(c+ k)

3 3
+d(n—§d) (n—c—cl—k—zd)
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3 3
—dk(n—§d—c)—cld{n—ﬁd—c—k]

—d(c+k+4) <n—c—k—§ld> —dc(n—zd—c)

—d(c—e)(c+ k) —erd (n _ ;d>
d (n—gd) <n—c—k—§ld>

3 3
—dk(n—§d—c)—cld{n—ﬁd—c—k]
—dc(n—%d—c)

—d(c—e)(c+ k) —erd (n _ ;d>

3 3
— o — _ — — —d — r — — 4

3 3
—dk(n—id—c)—cld{n—id—c—k]

—dc(n—%d—c—k)—dck:

—d(c—e)(c+ k) —erd (n _ ;d>

3 3
—e— k= —Zd—c—k—4
+d (n c—k 4d) {n 2d c—k ]
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3 3
= —dk(n—id—c)—cld{n—§d—c—k]

—dck
—d(c—en)(e+ k) —end <n - ;d)

—l—d(n—c—k—%d) [n—;d—2c—k—4}.

3
From (4.3), n— %d— 2c—k < 3. Thus, sincen—c—k — Zd > 0, the last term above

is negative. From (4.3), n — 3d — 2c — k > 2, and so it follows that the terms
n——-d—c, n—§d—c—k, andn—§d,
2 2 2

are all positive. Further, ¢ —¢; > 0.

It follows that the derivative

ﬁ = —dk(n—§d—c)—cld{n—éd—c—k]
dCl 2 2

—dck

—d(c—c1)(c+ k) —ad <n— ;d)
+d(n—c—k—§d) {n—éd—Qc—k—él}
4 2

is negative. Therefore, g is decreasing in ¢;. Thus, in conjunction with (4.3), we
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have

g(n7 da ¢, Cl) S g(na d) C, O)

+ dc<(c+k+4) (n—c—k—%d) —i—c(n—zd—c))
= d((n—gd—c>2 <c+§1d> +c? (n—%d—c)) + O(n?).

A simple differentiation with respect to ¢ shows that the function

p(c): = <n—gd—c)2<c+zd)—i—cz(n—;ld—c)
= (3d —n)c* + (n— gd> (n — 3d)c + Zd (n— 2)2

has a critical point at ¢ = 1 (n — 2d) . Recall that k > 2 and from (4.3),

(n—gd)—ézc*.

1 3
— Z(n—2d-— <
c 2(n 2d k)4+0(1) < 5

N | —

Hence, we obtain the domain of ¢, 0 < ¢ < ¢*. Now we look at two cases.

SUBCASE A: For d < %, the function ¢ is increasing for ¢ < % (n — %d) and so
o <¢ 1 n—§d AN n—§d 2—|—O(n2)
—T\2 2 2) 4 2

D'(G) < idn(n — gd)2 +O(n?).

and so

SUBCASE B: If d > 2, then ¢ is decreasing over the domain of ¢ so it is maximised

at ¢ = 0, and hence ¢(c) < ¢(0) = %d (n — gd) It follows that



and Theorem 4.2 is proven.

To see that the bound is asymptotically sharp, when d < % and for A = 2,

w3

consider the graph G, 4 = Go + G1 + -+ - + Ggq where Gy = G4 = K[%(n_%dﬂ and

fori=1,2,3,....,d—1,

a K; if 7is odd,

" K, if 7 is even.
Then G, 42 is 2-edge-connected and has diameter d and degree distance at least
idn (n — %d)Q. For d > 2, consider the graph G, 42 = Go + G1 + -+ + G4 where

Gd:K[(nfgdﬂ and fori:O71,2,...,d—1

Y

G — { K, if 7 is even,

K5 if 7 1is odd.

Corollary 4.3 Let G be a 2-edge-connected graph of order n. Then

2 4
D'(G) < 8—7”; + O,

Moreover, this inequality s asymptotically sharp.
Proof: Let d be the diameter of G. By the theorem above,
tdn(n —3d)? +0(n?) ifd < %,
D(G) <
%dQ(n — %d)2 +0(n?) ifd> 3.
The term idn (n — %d)2 is maximized, with respect to d, for d = %”, to give
1 3 \? _ 2nt
Z _Z < 2
el (n 2d) =81
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Hence,

2 4
D'(G) < 8—71 +on?).

The term %dQ (n — §d)2 is maximized, with respect to d, for d = %, to give

2
3 3\° nt 2nt
@ (n-2d) <X <
1 (” 2) =) s

Therefore, in both cases

as desired.
To see that the bound is asymptotically best possible consider the graph G, 4.\
constructed above with d = %”. Note that

2nt

! e
D(Gn,%)\) - 81

+0(n),

as claimed. O

Using similar proofs as for Theorem 4.2 we obtain the following results.

Theorem 4.4 Let G be a 3-and 4-edge-connected graph of order n and diameter d.

Then

Tdn(n—2d)? +0(n*) ifd<?

D(G) <
d*(n —2d)* +O(n®) ifd>

Moreover, this inequality is asymptotically sharp.

To see that the bound is asymptotically sharp, for d < % and for A = 3,4
consider the graph G, g\ = Go + G1 + -+ + G where Gy = G4 = K[%(n—Qdﬂ and
Gy = Ky fori=1,2,...,d—1. Ford > %, and when A = 3, consider the graph

Gn,d,g =Go+G1+ -+ Gy where Gy = K!’(n—Qd)L Go= K, Gy = K3 and G; = Ky
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fori =2,3,...,d — 1. For A = 4 consider the graph G, 44 = Go + G1 + --- + G4

where Gd = K[(n—Qd—l)]: G[) = Kl, Gl = K4 and Gz = KQ for i = 2,3, . ,d —1.

Corollary 4.5 Let G be a 3-and 4-edge-connected graph of order n. Then
D(G) < 2+ o)
=5

Moreover, this inequality is asymptotically sharp.

To see that the bound is asymptotically best possible consider the graph G,, 4.

constructed above with d = %. Note that

as claimed. O

Theorem 4.6 Let G be a 5-and 6-edge-connected graph of order n and diameter d.

Then

Tdn(n —3d)? +0(n?) ifd <2,
D'(G) <
3P (n—2d)*+0(n®) ifd> %

4

Moreover, this inequality is asymptotically sharp.

To see that the bound is asymptotically sharp, for d < % and for A = 5,6
consider the graph G, 4 = Go + G + -+ + G4 where Gy = G4 = K[%(nfgdﬂ and

fori=1,2,....,d—1,

G — K5 if 7is odd,
b Ky if 7is even.
For d > % and for A = 5 consider the graph G, 45 = Go + G1 + - - + G4 where

Gd:K[(n—gdﬂ’ G():Kl, G1 :K5 and fOTi:2,3,...,d—1,

GZ—{ Ky if i is odd,

K, if iis even.
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For A\ = 6 consider the graph G, 46 = Go + G1 + - - - + G4 where G4 = K((n_gd_m,

G(]:Kl, G1:K6andforz':2,3,...,d—1,

GZ—{ Ky if i is odd,

K, if iis even.

Corollary 4.7 Let G be a 5-and 6-edge-connected graph of order n. Then

on?
! < 3.
D'(G) < 135+O(n)

Moreover, this inequality is asymptotically sharp.

To see that the bound is asymptotically best possible consider the graph G, 4
constructed above with d = % Note that

D,(G 2n 2n4

n2mn) = 35 " O(n®),

as claimed. O

Theorem 4.8 Let G be a 7-edge-connected graph of order n and diameter d. Then

Tdn(n —3d)? +0(n®) ifd <%,
D'(G) <
Sd2(n — 3d)2 + O(n®) ifd > ™.

2

Moreover, this inequality is asymptotically sharp.

To see that the bound is asymptotically sharp, for d < % and for A = 7 consider
the graph G, gn = Go + G1 + - - + Gq where Gy = G4 = K[%(n_&m and G; = Kj,
for i = 1,2,...,d — 1. For d > ¢ and for A = 7 consider the graph G, 47 =

Go + Gl + o+ Gd where Gd = K[(n_gd_g)], GO = Kl, G1 = K7 and GZ = Kg, for
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Corollary 4.9 Let G be a 7-edge-connected graph of order n. Then

Moreover, this inequality is asymptotically sharp.

To see that the bound is asymptotically best possible consider the graph G,, 4

constructed above with d = %. Note that

as claimed. O
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Chapter 5

Radius, diameter, size and

vertex-connectivity

5.1 Introduction

This chapter is a continuation of the work that was started in [46] where upper
bounds on the size of a graph in terms of order, diameter and minimum degree
were given. Here we find, using ideas developed in the previous chapters, an asymp-
totically tight upper bound on the size in terms of order, diameter and vertex-
connectivity. The bound, for fixed vertex-connectivity, is a strengthening of Ore’s

theorem [49], which we state below.

Theorem 5.1 Let G be a connected graph of order n, diameter d and size m. Then

m < Sn—d—1)(n—d+4)+d=(n—d}+O0(n).

DN | —

5.2 Results

Let G be a finite connected graph of order n, size m and diameter d. From now

on-wards vy € V(@) is a fixed vertex of eccentricity d and for each i = 0,1,2,3,...,d,

N;:={z € V(G)|dg(x,vo) = i}.
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The following result is a strengthening of Ore’s theorem if vertex-connectivity is

prescribed.

Theorem 5.2 Let G be a k-connected graph of order n, diameter d and size m.
Then

m < =(n — kd)? + O(n)

DO | —

and the bound, for fived K, is asymptotically tight.

Proof. Assume the notation for vy and N; given above. Note that since G is
k-connected, we have |N;| > k for all ¢« = 1,2,...,d — 1. For each N;, i =
1,2,...,d — 1, choose any k vertices, u;1,U,...,U;. For each j = 1,2,... K,

let Pj:= {uj, ugj, usj, ..., ug—15} and denote Uj_, P; by N = Uj_, P;. Then,
IN|=kr(d—1). (5.1)

Claim 19 Let N be as above. Then Z degz < O(n).
zeN

Proof of Claim 19: First consider P;. Partition P; as follows:

Pj = U1 U U2 U Ug, where
Ur = {uy, ugj, ugj, . ..},
U2 = {Ugj,Ug)j, ugj, - - .}, and

U3 = {Ugj,U@',Ugj, .. }

Note that for any z,y € U;,i = 1,2, 3, we have N[z] N N[y] = 0, where N[v] denotes

the closed neighbourhood of vertex v in G. It follows that

n > |Uger, Nz]| = Z degx + |U;], for each i = 1,2, 3.

zeU;
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Therefore,

3n > Z degz + Z degx + Z degz + |Ui| + |Us| + |Us]

zelU; zeUs zeUs
= E degx + | P;l.
(BEPJ‘

Thus, Z degz < 3n — |P;|. We conclude that

xEPj

Zdegm = i Zdegx

reN 7j=1 z€P;

an—|P|

3nk — |N|

IN

IN

= O(n),

and Claim 19 is proven.

Now let @ =V — N. Then from (5.1),
Q| =n—k(d—1). (5.2)
Claim 20 Let z € Q. Then degx <n — rd+ O(1).

Proof of Claim 20: Let x € (). Then x can only be adjacent to vertices from at most
3 of the sets N;,i = 1,2,3,...,d — 1. Hence z is adjacent to at most 3k vertices

from N. It follows that
degzx < |Q|+ 3k
= n—r(d—1)—1+3k
= n—rd+4k — 1,
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and Claim 20 is proven.

By Claim 20, and from (5.2), we have

Zdegm < Z(n—lﬁd+0(1))

zeQ z€Q

< (n—k(d—1))(n—rd+ O(1))

= (n—kd)®>+O(n).

Combining this and Claim 19, we get

Zdega: = Z degx + Zdegw
zeV zeN TEQ

< (n—kd)?+0(n).

It follows, by the Handshaking Lemma, that

and the bound in the theorem is proven.

To see that the bound is asymptotically sharp, consider the sequential join graph

Gn,d,n:GO+Gl+"'+Gd>

where G; = K, for i =0,1,2,3,...,d—1 and Gg = K,,_q4.

Using the counting technique employed in Theorem 5.2, we obtain the following

theorem which is an improvement of Vizing’s theorem [60] if vertex-connectivity is

prescribed.
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Theorem 5.3 Let G be a k-connected graph of order n, radius r and size m. Then

m < =(n —2rk)* 4+ O(n).

| —

Moreover, this inequality is, for a fized k, asymptotically tight. O
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Chapter 6

Radius, diameter and the leaf

number

6.1 Introduction

To date neither upper bounds on radius and diameter in terms of the leaf number
nor lower bounds on the leaf number in terms of radius and diameter have been
reported on. In this chapter, we contribute towards filling this gap. Further, using
a technique developed by Dankelmann and Entringer [9], we prove a lower bound
on the leaf number of a graph of given order and minimum degree.

We use the following terminology and notation. Let e = wv be an edge of G.
By subdividing the edge e we mean removing e from G and adding a new vertex w
together with edges uw and wv to G. A subdivided star is a graph obtained by the
following recursive rule: (i) the star graph, i.e., K ,_1, is a subdivided star, and (ii)
a subdivided star with n + 1 vertices can be obtained from some subdivided star H
with n vertices by subdividing one edge of H. Thus, in any subdivided star, there
is at most one vertex of degree at least 3. If H is a subgraph of a graph G, we
write H < G. Let S be a subset of V(G). The distance between a vertex u and S

is defined as min dg(u, v) and is denoted by dg(u, S). The closed neighbourhood of

vES
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a vertex u of G is the set {x € V' : dg(z,u) < 1} and is denoted by Ng[u]. The
closed neighbourhood, N¢[S], of S is the set U,ecsNg[u]. The open neighbourhood,
Ng(S), of S is the set of all vertices adjacent to some vertex of S. Where there is

no danger of confusion, we will drop the subscript G. A 2-packing of G is a subset

A C V(G) with dg(u,v) > 2 for all u,v € A.

6.2 Results

Let G be a connected graph. Recall that the leaf number of G is denoted by L(G).
We begin by presenting a simple, but handy, lemma showing that any tree 7”,
T" < G, is extendable into a spanning tree 7" of G such that L(T) > L(T"). We
need some notation. Let H be a subgraph of G and v a vertex in H. Let G, be
the connected component containing v in the graph obtained from G by removing
all vertices of H except v, i.e., V(H) — {v}. Denote by H e v the union of H and a

breast first search tree of GG, rooted at v.

Lemma 6.1 Let G be a connected graph and T' < G a tree. Then there exists a

spanning tree T of G such that T' < T and L(T) > L(T").

Proof: Let the vertex set of 7" be {uy,us,...,ur}. Construct trees Ty, T, ..., T
by the following recursive formula: T} = 7" e uy, T = T} @ uy, and for i = 3,... k,

T, =T;,_1 eu;. Then T = T}, satisfies the required properties. O

Theorem 6.2 Let G be a connected graph with leaf number L and minimum degree

0 > 2. Then the diameter of G satisfies

Lo 3L—2)

— 2+ 2
S5 9 &

and this bound is tight.
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Proof. Let P : vy, vy,...,v5 be a diametral path of G. Let ¢ and [ be the unique
integers satisfying d = 3¢ + [, 0 < [ < 3. We consider each of the three cases, as
determined by [, separately.

Case A: 1 =0. Let S be the set S = {vs;11 | ¢ =0,1,...,¢ — 1}. Consider the

tree 7" < G with vertex set V(T") = U,esN|x] and edge set
E(T")=E(P)U{uw € E(G) | u € S and v € N[u]}.

Clearly, since for all z,y € S, N[z] N N]y] = 0), we have

q—1
L(T,) = degT, (1)1> -1 + Z[degT/(U3Z‘+1) — 2] + 1
=1

> 6+ (q—1)(-2)

d
= —(0—2)+2.
S6-2+

By Lemma 6.1, let T be a spanning tree of G with L(T') > L(T"). It follows that
L(G) > L(T) > 4(6 — 2) + 2, and the theorem follows up on rearranging the terms.
Case B: 1 =1. As above let S be the set S = {vs;41 | 1 =0,1,...,q}. Consider

the tree 7" < G with vertex set V(1") = U,esN|z] and edge set

E(T')=E(P)U{uv € E(G) | u e S and v € N|ul}.

Then
q—1
L(T") = degp(vy) —1+ Z[degT, (v3i41) — 2] + degg (vsg41) — 1
i=1
> d—14+(¢g—10—-2)+5—-1
d—1
= —(6—2)+.
—(3-2)+
As above, d < ) +1< 3(L 2) + 2, as desired.
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Case C: 1 = 2, is treated similarly and the bound in the theorem is established.
To see that the bound is tight, let d > 1, d = 2 (mod 3), and § > 2 be two integers.
Let Gsq be the graph with vertex set V(Gsq) = Vo U Vi U --- U Vg, where
1 ifi= 0or2 (mod 3),
Vil=1{ ¢ ifi=1ord—1,
0 —1 otherwise,
where wv, u € V; and v € V}, is an edge of G4 if and only if |¢ — j| < 1. Then

d(Gsq) = % + 2, and the theorem is proven. O

We now turn to finding an upper bound on the radius. We use an observation
made by Erdés, Pach, Pollack and Tuza [24]. First we need a definition and some

notation.

Definition 1 Let G = (V, E) be a connected graph with minimum degree 6 > 3
and radius v > 6. Let z be a fized central vertex of G, and so r = ecg(z). For each
i=0,1,...,r, we define N; = {v € V | dg(v,2z) = i}. Hence, V.= NgUN;U---UN,
is a partition of V. We denote by N<; and N>; the sets Up<i<;N; and Uj<;<,IN;,
respectively. Let T be a spanning tree of G that is distance-preserving from z; that
is, dr(v,z) = dg(v,2) for all vertices v € V. For vertices u,v € V, let T'(u,v)
denote the (unique) u—v path in T. Let z. € N,.. We say that a vertex y € V is
related to the vertex z, if there exist vertices u,v € V, where u € V(T'(z, 2z,)) N N>5

and v € V(T (z,y)) N N>5 such that dg(u,v) < 2

We are now in a position to state the result due to Erdos et al.

Fact 6.1 (Erdos et al. [24]) Let G be a connected graph with minimum degree 6 > 3
and radius v > 6 and let z be a central vertex of G. For each vertex z, € N,., there

exists a vertex in N>,_5 which is not related to z,.
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Theorem 6.3 Let G be a connected graph of radius r > 6, leaf number L, and

minimum degree 6 > 3. Then

3(L—2) 17
(L-2), 17

<« 72
"= —2) T2

Moreover, apart from the value of an additive constant, the bound is tight.

Proof. Let z, z, and N;, + = 0,1,...,r be as above. By Fact 6.1, let y, € Ny,
t > r—5, be a vertex not related to z,. Let z5 be the unique vertex in V (T'(z, z,.)) NN
and let T'(zs5,2.) = 25,26, ...,2- Let ys; be the unique vertex in V(T'(z,4;)) N N5
and let T(ys,v) = Ys,Y6,---,Y- Let g and [ be the unique integers satisfying
r—4=3¢+1,0<10<3. Let S" be the set S" = {z3;_1 | 1 =2,3,...,¢+ 1}. Let
¢ and !’ be the unique integers satisfying t —4 = 3¢’ + 1, 0 < I’ < 3. Let S” be
the set S” = {y3i—1 | i =2,3,...,¢ + 1}. Note that since y; and z, are not related
for x,y € S'US”, x #y, we have N[z] N N[y] = 0. Consider the tree 7" < G with

vertex set V(T") = Uzesius N[x] UV (T(z5,y5)) and edge set
E(T(zs,2,))UE(T(ys,y:)) UE(T (25,95)) U{uv € E(G) | u € S"US" and v € N[u]}.
Then

LT) > 0—-1+(q+q¢d —-2)(0—-2)+0—-1

_ (r+t—8—l—l)(6_2>+2
3
(r+t—12)
3
L (rr—5-12)
- 3
(2r —17)

= S—0-2)+2

v

(6 —2)+2

(6 —2)+2

The bound in the theorem follows by an application of Lemma 6.1 and rearranging

terms. To see that the bound is, apart from the value of an additive constant, best
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possible, consider the graph G4 constructed in Theorem 6.2. O

To date no non-trivial lower bound on the radius in terms of other graph param-
eters has been reported on. In the next theorem, we present a lower bound on the

radius in terms of order and the leaf number.

Theorem 6.4 Let G be a connected graph of order n, radius r and leaf number L.

Then

Moreover, this bound is tight.

Proof. We first prove that for every tree T of order n, and radius r,

L) > "=t

- (6.1)

Let us assume that there exists a tree T' of order n, and radius r which is a coun-

terexample to (6.1), i.e.,

(6.2)

Of such counterexamples to (6.1), choose T' to have the smallest possible order, n.
Clearly, T is not the path. Let P : vg,v1,...,v4 be a diametral path of T. Fix a
centre vertex u of T. Thus, u is necessarily on P. We first prove that w is the only
vertex in T of degree at least 3. This is shown by proving that for each end vertex

x a vertex of degree at least 3 closest to x is u.

Claim 21 Let x be an end vertex of T, x ¢ {vo,va}. If ' is a vertex of degree at

least 3 closest to x, then ' = u.
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Proof of Claim 21: Suppose to the contrary that 2’ # u and let T'(z,2") : = =
x1,%2,..., Tk, " be the path on T joining z and z’. Since u is on P and z= ¢
{vo,v4}, u cannot be on T'(x, '), otherwise degru > 3 and dr(z,u) < dr(z,z’), a
contradiction. Let 7" =T — {z1,xq,...,x%}. Since the degree of 2’ in T is at least
3, L(T") = L(T) — 1. Furthermore, 7" has radius r and order n — k. Since u has

eccentricity r, we have
dr(u,z) = dr(u,2') + dp(2',2) = dr(u, ') + k < r.

It follows that £ < r — dr(u,2’) < r — 1. By minimality of 7', we have that

L(T") > “8=1 Hence

T

—k—-1 —k—-1 k+1)—k—1 -1
LTy = L) +1> Pt g 2 T >ntlkrl) S
T T r T

a contradiction to (6.2), and the claim is proven.

A repeated application of Claim 21 to end vertices shows that u is the only
vertex of degree at least 3, and all other vertices have degree 2 or 1. This, in
conjunction with the fact that u has eccentricity r, each of the deg,(u) components
say 11,1, . .., Taeg,(u) of T'— u is a path of order at most r and so L(T") = degp(u).

We now have

n—1= V()| + V(o) + -+ [V(Tacgp(w)| <7 -degp(u) =r- L(T),

from which it follows that L(T) > "=+, a contradiction to (6.2). This completes the
proof of the bound (6.1).
Now let G be a graph of order n and radius r. Let 7" be a radius-preserving

spanning tree of G. Then by definition of the leaf number, in conjunction with




as desired.

To see that the bound is tight, let n and r be positive integers, with 1 <7 < 2.
Let g and ¢, 0 < e < r, be the unique integers such that n —1 = gr +¢. Let G, be
a subdivided star with a centre vertex u where ¢ end vertices are at distance exactly

7 from u, and one end vertex at distance e from w, if € # 0. Then L(G,,) = =2, if

r

e=0,and L(G,,) =22 +1—< if ¢ #0. O

Theorem 6.3, in conjunction with Theorem 6.4, yields the following lower bound

on the leaf number in terms of order and minimum degree.

Corollary 6.5 Let G be a connected graph of order n and minimum degree § > 3.

If the radius of G is at least 6, then the leaf number L of G satisfies

Lz\/§(§—2)(n—1)+0(6). o

It is reported in [51] that Linial’s Conjecture fails for sufficiently large 6. We
now prove a new bound, whose flavour is that of Linial’s bound, on the leaf number
in terms of order and minimum degree. We point out here that for 6 > 8, the
new bound presented below improves on Griggs and Wu’s theorem, Theorem 6.2,

whereas for 0 — oo the result proves Theorem 6.3.

Theorem 6.6 Let G be a connected graph of order n and minimum degree d. Then

the leaf number of G satisfies

§—2 20+1)
> .
Ly Ly

Proof. We first find a maximal 2-packing A of G using the following procedure.

Choose a vertex v of G and let A = {v}. If there exists a vertex u of G with
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d(u,A) = 3, add u to A. Add vertices u with d(u, A) = 3 to A until each of the
vertices not in A is within distance two of A. Let 7" be the forest with vertex set
N[A] and whose edge set consists of all edges incident with a vertex of A.

Clearly, the number of end vertices s(7") in 7" is s(T") = > .4 degs(z). By
our construction of A, there exist |A| — 1 edges in G, each of them joining two
neighbours of distinct elements of A, whose addition to 7" yields a tree 7" < G.
Since each of the |A| — 1 edges added to T” to get T” joins two end vertices of T",

we have

S(T') > s(T") = 2(|A| = 1) = > degg(x) — 2| Al + 2. (6.3)

zeA
Let B be the vertices of G not in 7”. By our construction, each vertex in B is within
distance one of N(A). Further V= AU N(A) U B is a partition of V. Therefore,
n = |A|+|N(A)|+|B| = |A|+>_,c4degg(x) +|B|. This, in conjunction with (6.3),
yields

LT = s(T') > degg(x) — 2/A] +2

€A

= n—3J|A| - |B|+2.

Fromn = |A[+3, ., degg(x)+|B|, we have (§+1)|A| < n—|B|, and so |4] < *I2.

It follows that

n—|B|l _(5—2 J—

LT >n—3 Bl+2=
(T)2n =37 —IBl+2=5n— <+

21B] + 2. (6.4)

We look at two cases separately.

If on one hand |B| < 2-2n + 22(?:), then from (6.4), we have L(T") > 2=2n +
2(?”1 , and the bound in the theorem follows by an application of Lemma 6.1.
If on the other hand |B| > 2=2n + 2(§+1), then we extend the tree 7" to a tree

T with a larger number of leaf vertices as follows. Note that each vertex x in B is
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adjacent to some vertex x’ in N(A). Let T' be the spanning tree of G with edge set
E(T")U{zz' | x € B}. Then

§—2  206+1)

> = >
L(G) > L(T)=s(T) > |B| > 25_1n+ 25— 1

and the theorem is proven. O

91



Conclusion

In this thesis we have completely solved the problem of determining upper bounds
on degree distance, in terms of order, and the three classical connectivity measures
minimum degree, vertex-connectivity and edge-connectivity.

We also gave an asymptotically sharp upper bound on the size of a graph G in
terms of order, diameter and vertex-connectivity. The result is a strengthening of
an old classical theorem of Ore [49] if vertex-connectivity is prescribed and constant.

In the last chapter of the thesis we gave tight upper bounds for the maximum
radius and diameter of a graph G in terms of minimum degree and the leaf number.
We also gave a tight lower bound on the radius in terms of order, and the leaf number.
Equivalently, the result provide lower bounds on the leaf number of a graph G in
terms of order and radius and, in terms of minimum degree and diameter. We
proved a lower bound on the leaf number which essentially solves a conjecture of

Linial reported in [17].
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